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ABSTRACT. We express the Connes-Chern character of the Dirac operator asso- 
ciated to a b-metric on a manifold with boundary in terms of a retracted cocycle 
in relative cyclic cohomology whose expression depends on a scaling/ cut-off pa- 
rameter. Blowing-up the metric one recovers the pair of characteristic currents that 
represent the corresponding de Rham relative homology class, while the blow- 
down yields a relative cocycle whose expression involves higher eta cochains and 
their b-analogues. The corresponding pairing formulae with relative K-theory 
classes capture information about the boundary and allow to derive geometric 
consequences. As a by-product, we show that the generalized Atiyah-Patodi- 
Singer pairing introduced by Getzler and Wu is necessarily restricted to almost 
flat bundles. 
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Introduction 



Let M be a compact smooth m-dimensional manifold with boundary 3M^f). 
Assuming that M possesses a Spin c structure, the fundamental class in the rel- 
ative K-homology group K m (M, 9M) can be realized analytically in terms of the 
Dirac operator D (graded if m is even) associated to a riemannian metric on M. 
More precisely according to [BDT89, §3], if D e is a closed extension of D satisfy- 
ing the condition that either D*D e or D e D* has compact resolvent (e.g. both D m i n 
and D max are such), then the bounded operator F = D e (D*D e + 1) -1 ^ 2 defines a 
relative Fredholm module over the pair of C* -algebras (C(M),C(3M)), hence an 
element [D] e K m (M, 3M). Moreover, by [BDT89, §4], the connecting homomor- 
phism maps [D] to the fundamental class [Da] 6 K m _i (3M) corresponding to the 
Dirac operator Da associated to the boundary restriction of the metric and of Spin 
structure. 

The map IndeX[ D| : K m (M, 3M) — » Z, defined by the pairing of K-theory 
with the K-homology class of [D], can be expressed in cohomological terms by 
means of Connes' Chern character with values in cyclic cohomology [CON85]. In- 
deed, the relative K-homology group K m (M, 3M), viewed as the Kasparov group 
KK m (Co(M \ 3M);C), can be realized as homotopy classes of Fredholm mod- 
ules over the Frechet algebra J7°°(3M, M) of smooth functions on M vanishing 
to any order on 3M; J^^SM, M) is a local C*-algebra, H-unital and dense in 
C (M \ 3M) = {f e C(M) | f|3M =0}. One can therefore define the Connes-Chern 
character of [D] by restricting the operator F = D e (D*D e + 1)~ 1/2 , or directly D, 
to J°°(d}A, M) and regarding it as a finitely summable Fredholm module. The 
resulting periodic cyclic cocycle corresponds, via the canonical isomorphism be- 
tween the periodic cyclic cohomology HP ev/odd ( l 7°°(3M, M)) and the de Rham 
homology H d ^ /odd (M \ 3M; C) (cf. [BrPf08]), to the de Rham class of the current 
(with arbitrary support) associated to the A-form of the riemannian metric. In fact, 
one can even recover the A-form itself out of local cocycle representatives for the 
Connes-Chern character, as in [CoMo93, Remark 4, p. 119] or [CoMo95, Re- 
mark II. 1, p. 231]. However, the boundary 3M remains conspicuously absent in 
such representations. 

It is the purpose of this paper to provide cocycle representatives for the 
Connes-Chern character of the fundamental K-homology class [D] e K m (M, 3M) 
that capture and reflect geometric information about the boundary. Our point of 
departure is Getzler's construction [Get93a] of the Connes-Chern character of 
[D]. Cast in the propitious setting of Melrose's b-calculus [MEL93], Getzler's cocy- 
cle has however the disadvantage, from the viewpoint of its geometric functional- 
ity, of being realized not in the relative cyclic cohomology complex proper but in 
its entire extension. Entire cyclic cohomology [CON88] was devised primarily for 
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handling infinite dimensional geometries and is less effective as a tool than ordi- 
nary cyclic cohomology when dealing with finite dimensional K-homology cycles. 
To remedy this drawback we undertook the task of producing cocycle realizations 
for the Connes-Chern character directly in the relative cyclic cohomology complex 
associated to the pair of algebras (C°°(M.),C 0o (3M)). This is achieved by adapt- 
ing and implementing in the context of relative cyclic cohomology the retraction 
procedure of [CoMo93], which converts the entire Connes-Chern character into 
the periodic one. The resulting cocycles automatically carry information about the 
boundary and this allows to derive geometric consequences. 

It should be mentioned that the relative point of view in the framework of 
cyclic cohomology was first exploited in [LMP09] to obtain cohomological ex- 
pressions for K-theory invariants associated to parametric pseudodifferential op- 
erators. It was subsequently employed by Moriyoshi and Piazza to establish a 
Godbillon-Vey index pairing for longitudinal Dirac operators on foliated bundles 
[MoPlll]. 

Here is a quick synopsis of the main results of the present paper. Throughout 
the paper, we fix an exact b-metric g on M, and denote by D the corresponding 
b-Dirac operator. We define for each t > and any n > m = dim M, n = m (mod 
2), pairs of cochains 



( b ch?(D),chr'(D 3 )) resp. ( ch t (D),ch™ (Da)) 



(0.1) 



over the pair of algebras (C 00 (M),C 00 (31vl)), given by the following expressions: 

b. 



ch?(D) := Y_ b Ch n ~ 2j (tD) + B b Tjfli£- +1 (D 

^- Ch n-2R1 

i>0 

b cMD) := b chnD)+TcK(D 9 )oi*. 



chr 1 (Da 



(tDa) + BTcK +2 (D a ), 



(0.2) 



In these formulae, Ch* (Da) stand for the components of the Jaffe-Lesniewski- 
Osterwalder cocycle [JLO88] representing the Connes-Chern character in entire 
cyclic cohomology, b Ch*(D) denote the corresponding b-analogue (cf. (2.50)), 
while the cochains T^h*(Da), resp. b Tj£h*(D) (see (4.20), are manufactured out 
of the canonical transgression formula as in [CoMo93]; i : 3M — > M denotes the 
inclusion. One checks that 



ch? +1 (Da)oi* 



(b + B)( b ch^(D)) 
(b + B)( b ch"(D)) = chr'(D 



(0.3) 



3 J °i 



which shows that the cochains (0.1) are cocycles in the relative total (b, B)-complex 
of [C°°[M),C°°{dM}}. Moreover, the class of this cocycle in periodic cyclic coho- 
mology is independent of t > and of n = m + 2k, k <= Z + . Furthermore, its limit 
as t — > gives the pair of A currents corresponding to the b-manif old M, that is 



(lim 

v t\o 



'ch^(D) 



lim ch? 

t\,o 



tv+1 



(Da)) 



A( b V 2 J 



A., 



(0.4) 
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The notation in the right hand side requires an explanation. With 

W 9 )=detf Y , X(V' B .)=detf X%i 4 Z y > (0-5) 

9 I sinh b V2/4m / 93 I smh V^^m/ ; 

and : b O m (M) — > C denoting the b-integral of b-differential m-forms on 

J b M 

M associated to the trivialization of the normal bundle to 3M underlying the b- 
structure, both terms in the right hand side of (0.4) are viewed as (b, B)-cochains 
associated to currents. More precisely, incorporating the 2m factors which account 
for the conversion of the Chern character in cyclic homology into the Chern char- 
acter in de Rham cohomology, for M even dimensional this identification takes the 
form 



A( b V g )A(f ,...,f 2q ) 

b M 



1 



(27ri)q(2q)! J 



A( b V g )Af dfi A...Af 2q , (0.6) 



respectively 



X(V^)A(ho,...,h 2q _i) 



g 

SM 



1 



(27ri)i(2q-r 



A(V ga ) Ah dh! A...Ah 2q _i. (0.7) 



3M 

Finally (cf. Theorem 4.5 infra), the limit formula (0.4) implies that both 

( b ch?(D),ch? +1 (D a )) and ( h ch£(D),chf -1 (D a )) represent the Chern character 
of the fundamental relative K-homology class [D] 6 K m (M, 9M). 

Under the assumption that Ker Da = 0, we next prove (Theorem 4.6 infra) that 

the pair of retracted cochains ( b ch t (D), ch™ -1 (Da)) has a limit as t — > 00. For n 
even, or equivalently M even dimensional, this limit has the expression 



b d£(D) = Y_ K 2i (D) + B b T^ +1 (D) + T^(Da) o i*, 

j=0 

ch^ 1 (D 9 )=BT^(D c - 



(0.8) 



with the cochains K* (D), occurring only when Ker D ^ {0}, given by 

K 2i (D)(a ,...,a 2 j) = Str(pH(ao)co H (ai,a 2 )---cuH(a 2 j_i,a 2 j)); (0.9) 
here H denotes the orthogonal projection onto Ker D, and 

Ph(q) := HaH, cu H (a,b) := p H (ab) - p H (a)p H (b), for all a,b <= C°°(M). 
When M is odd dimensional, the limit cocycle takes the similar form 

b tf£(D) = B b T,fl& + 1 (D) + Ttf£(D a ) ° i* , 

ch^ 1 (D 9 )=BT^(Da). 

The absence of cochains of the form k* (Da) in the boundary component is due to 
the assumption that Ker Da = 0. 
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The geometric implications become apparent when one inspects the ensuing 
pairing with K-theory classes. For M even dimensional, a class in K m (M, 3M) 
can be represented as a triple [E, F, h], where E, F are vector bundles over M, 
which we will identify with projections Pe>Pf £ MatN (C°°(M)), and h : [0, 1] — > 
MatN (C°°(3M)) is a smooth path of projections connecting their restrictions to 
the boundary Ea and Fa. For M odd dimensional, a representative of a class in 
K m (M, 3M) is a triple (U, V, h), where U, V : M — » U(N) are unitaries and h is a 
homotopy between their restrictions to the boundary U 3 and V a . In both cases, 
the Chern character of [X, Y, h] e K m (M, 3M) is represented by the relative cyclic 
homology cycle over the algebras (C 00 (M),C 00 (3M)) 

ch.([X,Y,h]) = (ch.(Y)-ch.(X), -Ttfu(h) 



(0.11) 

where ch., resp. T^h. denote the components of the standard Chern character in 
cyclic homology resp. of its canonical transgression (see Section 1.3). 

The pairing ([D], [X,Y,h]) G Z between the classes [D] e K m (M,9M) and 
[X, Y, hj e K m (M, 3IV1) acquires the cohomological expression 

([D], [X,Y,h]) = (( b ch"(D),chr 1 (Da)),ch.[X,Y,h]) = 

= ( Y_ h Ch n - 2j (tD) + B b T^ +1 (D), ch. (Y) - ch.(X)) 



+ (W(D a ),ch.(Y 9 ) 
-(^Ch^-^tDa) 



■ch.(X a )) 

-BT^(D 9 ),Tai.(H)), 



(0.12) 



which holds for any t > 0. Letting t 
formula 



yields the local form of the pairing 



<[D], [X,Y,h]) = 

A( b V^)A(ch.(Y)-ch.(X)) 



3M 



AfV^AT^M. 



(0.13) 



It should be pointed out that (0.13) holds in complete generality, without requiring 
the invertibility of Da. 

When M is even dimensional and Da is invertible, the equality between the 
above limit and the limit as t — > oo yields, for any n = 21 > m, the identity 



0<k< 



Y_ <K 2k (D),ch 2k (p F ) -ch 2k (PE)) + <B b T^ +1 (D),ch n (p F ) -ch n (p E )> - 

+ (T^(D 9 ),ch n (p F J-ch n (p E J) = 
A( b V 2 )A(ch.(p F )-ch.(p E ))~ 



8M 



A(V2jATtfu(h) 



+ (BTtfC(D a ),Ttfi n _i(h)>, 



(0.14) 



where 



ch 2k (p) 



tr (p), 



(-1 



|k (2k)l 
1 k! 



tr 2 k (iv ~ j) ® P 



for k = 0, 
for k> 0. 
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Like the Atiyah-Patodi-Singer index formula [APS75], the equation (0.14) in- 
volves index and eta cochains, only of higher order. Moreover, the same type 
of identity continues to hold in the odd dimensional case. Explicitly it takes the 
form 



1]S =1 (n^)|(( B b Xjf ^+l (D))(V -1 0V) »^i_ (u 



-1 



(u; 



Up 



->) = 



A( b V 2 JA(ch.(V)-ch.(U)) 



(0.15) 



SM 



AfV^AT^lh) 



(BTtf&tDaJ.T^K-ith)). 



The relationship between the relative pairing and the Atiyah-Patodi-Singer in- 
dex theorem can actually be made explicit, and leads to interesting geometric con- 
sequences. Indeed, under the necessary assumption that M is even dimensional, 
we show (cf. Theorem 4.12) that the above pairing can be expressed as follows: 

([D], [E, F, h]) = Ind APS D F - Ind APS D E + SF(h, D 9 ); (0.16) 



here Ind APS stands for the APS-index, and SF(h, Da) denotes the spectral flow 



along the path of operators (Dg) h(s) ; Dg is the restriction of c(dx) _1 Da to the 
positive half spinor bundle and c(dx) denotes Clifford multiplication by the in- 
ward normal vector. On applying the APS index formula [APS75, Eq. (4.3)], the 
pairing takes the explicit form 



where 



([D],[E,F,h]) 



I'M 



A( b V g )A(ch.(F) 



(n(D H e 



+ dimKerDl 



ch.(E)) 

+ SF(h,D a ), 



(0.17) 



(0.18) 



Comparing this expression with the local form of the pairing (0.13) leads to a gen- 
eralization of the APS odd-index formula [APS76, Prop. 6.2, Eq. (6.3)], from trivi- 
alized flat bundles to pairs of equivalent vector bundles in K-theory. Precisely (cf. 
Corollary 4.15), if E',F' are two such bundles on a closed odd dimensional spin 
manifold N, and h is the homotopy implementing the equivalence of E' with F', 
then 



A(V^)AT(flu(h) 



SF(h,D g 



(0.19) 



where D g / denotes the Dirac operator associated to a riemannian metric g' on N; 
equivalently, 



l_d 
2 dt 



Jl(Ph(t) Dg'p h (t)))dt 



A(V,)AT*,(h), 



(0.20) 



where Ph(t) is the path of projections joining E' and F', and the left hand side is 
the natural extension of the real-valued index in [APS76, Eq. (6.1)]. 

Let us briefly comment on the main analytical challenges encountered in the 
course of proving the results outlined above. In order to compute the limit as 
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t \ of the Chern character, one needs to understand the asymptotic behavior of 
expressions of the form 

b (A , A] , . . . , A k ) v ^: D 

b Tr(A e- ff ° tD2 A 1 e- (J ' tD2 ...A k e-^ tD2 )dcT, ( °' 21) 

where A k denotes the standard simplex {do + • • • + &k — 1 , Cj > 0} and Ao, . . . , A k 
are b-differential operators of order dj , ) — 0, . . . , k; d :— Y-\=o &j denotes the sum 
of their orders. The difficulty here is twofold. Firstly, the b-trace is a regularized 
extension of the trace to b-pseudodifferential operators on the non-compact mani- 
fold M \ QM (recall that the b-metric degenerates at 3M). Secondly, the expression 
inside the b-trace involves a product of operators. The Schwartz kernel of the 
product Aoe _tT ° tD " Ai e~ a ' tC)2 • . . . • A k e~ CTktD2 does admit a pointwise asymptotic 
expansion (see [WID79], [CoMo90], [BlFo90]), namely 

(Aoe-^ 10 ' At e'^ tD ' • . . . • A k e- ffktD2 ) (p,p) 

n (0 22) 

=: Y_ *3 (Ao, . . . , A k , D)(p) t 1 ^^ + 0p (t<- +1 - d - d ' mM »/ 2 ). 

3=0 

However, this asymptotic expansion is only locally uniform in p; it is not glob- 
ally uniform on the non-compact manifold M \ 3M. A further complication 
arises from the fact that the function a, (Ao, . . . , A k , D) is not necessarily inte- 
grable. Nevertheless, a partie finie-type regularized integral, which we denote by 
J bjVl a, (Ao, . . . , A k , D) dvol, does exist and we prove (cf. Theorem 4.3) that the cor- 
responding b-trace admits an asymptotic expansion of the form 



b Tr(A e 



— <T tD critD . . . A k e~ <TktD/ 



n 



, j — dim M — d 

(A , . . ., Ak, D)dvol V 2 + 



(0.23) 



+ o((EK di/ V 



(n+l-d-dimM)/2 N 

3=1 

When Dq is invertible and hence D is a Fredholm operator, we can also prove the 
following estimate (cf. (3.72)) 

|" ( Ao(I-H) ) ...,A k (I-H))^ D | 

< C 6 , e t- d/2 - (dimM)/2 - E e- t5 , forfl//0<t<oo, 

for any £ > and any < 6 < inf spec ess D 2 . Here, spec ess denotes the essential 
spectrum and H is the orthogonal projection onto Ker D. This estimate allows us 
to compute the limit as t oo and thus derive the formula; (0.8) and (0.10). 

A few words about the organization of the paper are now in order. We 
start by recalling, in Chapter 1, some basic material on relative cyclic cohomol- 
ogy [LMP09], b-calculus [MEL93] and Dirac operators. In Section 2.1 we discuss 
in detail the b-trace in the context of a manifold with cylindrical ends. 

As a quick illustration of the usefulness of the relative cyclic cohomological 
approach in the present context, we digress in Section 2.2 to establish an analogue 
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of the well-known McKean-Singer formula for manifolds with boundary; we then 
employ it to recast in these terms Melrose's proof of the Atiyah-Patodi-Singer in- 
dex theorem (cf. [MEL93, Introduction]). 

In Section 2.3, refining an observation due to Loya [LOY05], we give an ef- 
fective formula for the b-trace, which will turn out to be a convenient technical 
device. 

After setting up the notation related to b-Cliff ord modules and b-Dirac opera- 
tors in Section 2.4, we revisit in the remainder of the chapter Getzler's version of 
the relative entire Connes-Chern character in the setting of b-calculus [GET93A]. 

In Chapter 3 we prove some crucial estimates for the heat kernel of a b-Dirac 
operator, which are then applied in Section 3.6 to analyze the short and long time 
behavior of the components of the b-analogue of the entire Chern character. As 
a preparation more standard resolvent and heat kernel estimates are discussed in 
Section 3.1. 

The final Chapter 4 contains our main results: Section 4.1 is devoted to asymp- 
totic expansions for the b-analogues of the Jaffe-Lesniewski-Osterwalder compo- 
nents. The retracted relative cocycle representing the Connes-Chern character in 
relative cyclic cohomology is constructed in Section 4.2, where we also compute 
the expressions of its small and large scale limits. 

Finally, Section 4.3 derives the ensuing pairing formulae with the K-theory, 
establishes the connection with the Atiyah-Patodi-Singer index theorem, and dis- 
cusses the geometric consequences. The paper concludes with an explanatory note 
(Section 4.4) elucidating the relationship between the results presented here and 
the prior work in this direction by Getzler [GET93A] and Wu [Wu93], and clar- 
ifying why their generalized APS pairing is necessarily restricted to almost flat 
bundles. 

Matthias Lesch, Henri Moscovici, Markus J. Pflaum 
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Preliminaries 



We start by recalling some basic material concerning relative cyclic cohomol- 
ogy the Chern character and Dirac operators. Furthermore, for the convenience of 
the reader we provide in Sections 1.6-1.9 a quick synopsis of the fundamentals of 
the b-calculus for manifolds with boundaries due to Melrose. For further details 
we refer the reader to the monograph [MEL93] and the article [LOY05]. 

1.1. The general setup 

Associated to a compact smooth manifold M with boundary 3M, there is a 
commutative diagram of Frechet algebras with exact rows 

^ J°°{dM, M) ^ C°°(M) — ^ S°°{dM y M) ^ (1-1) 

Id 

^J{dM,M) ^C°°(M) ^C°°(3M) 0. 

J(dM., M) C C°°(M) is the closed ideal of smooth functions on M vanishing on 
3M, J°° (3M, M) c J{dM, M) denotes the closed ideal of smooth functions on M 
vanishing up to infinite order on 3M, and £°°(3M, M) is the algebra of Whitney 
functions over the subset 3M c M. More generally for every closed subset X c M 
the ideal ^(X, M) c C°°(M) is defined as being 

J°° (X, M) := {f e C°°(M) | Df |x = for every differential operator D on M}. 

By Whitney's extension theorem (cf. [MAL67, TOU72]), the algebra £°°(X, M) of 
Whitney functions over X C Mis naturally isomorphic to the quotient of C°°(M) 
by the closed ideal J°° (X, M); we take this as a definition of £°° (X, M). The right 
vertical arrow in diagram (1.1) is given by the map 

£°°(X,M)->C°°(X), F^F|| X :=F + l 7(X,M), 

which is a surjection. 

Let us check that the Frechet algebra J°° := J°° (3M, M) is a local C*-algebra. 
First, by the multivariate Faa di Bruno formula [COSA96] the unitalization J°°> + 
of J°° is seen to be closed under holomorphic calculus in the unitalization J + 
of the algebra J := Cq{M \ 3M). Since J°°> + is also dense in J+, it follows 
that J°° := J°°(dM, M) is indeed a local C*-algebra whose C*-closure is the 
C*-algebra J. Using this together with excision in K-homology (cf. for example 
[HlRoOO]), one can easily check that the space of equivalence classes of Fred- 
holm modules over J°° coincides naturally with the K-homology of the pair of 
C*-algebras (C(M),C(3M)). Moreover, by [CON94, p. 298] one has the following 
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commutative diagram 

J finitely summable Fredholm 1 ch » uv*( n 7\ 

I modules over J°° J *" J 1 J 



K«(J) = KK.(J,C) ^Hom(K.(J),C), 

where the right vertical arrow is given by natural pairing between periodic cyclic 
cohomology and K-theory and the lower horizontal arrow by the pairing of K- 
theory with K-homology via the Fredholm index. 

A Dirac, resp. a b-Dirac operator on M determines a Fredholm module over 
J°° and therefore a class in the K-homology of the pair (C(M),C(3M)). In this 
article, we are concerned with geometric representations of the Connes-Chern 
character of such a class and of the ensuing pairing with the K-theory of the pair 

(c(m),com)). 

1.2. Relative cyclic cohomology 
As in [LMP09], we associate to a short exact sequence of Frechet algebras 

O^J — ) A^,B — -> 0, (1.3) 

with A and B unital, a short exact sequence of mixed complexes 

— > (C'(B),b,B) — > (C'{A),b,B) — > (Q',b,B) — > 0, (1.4) 

where C" (.4) denotes the Hochschild cochain complex of a Frechet algebra „4, b the 
Hochschild coboundary and B is the Connes coboundary (cf. [CON85, CON94]). 
Recall that the Hochschild cohomology of A is computed by the complex (C*(„4), b), 
the cyclic cohomology of A is the cohomology of the total complex 
(Tot^SC'-' [A] , b + B) , where 

B&'HA) = l Cq ~ V[A] := 0^ q ~ p+ T> q > P > 0, 
[0, otherwise, 

while the periodic cyclic cohomology of A is the cohomology of the total complex 
(Tot^BC^*U),b + B), where 



BC™[A) = 



' C-T U) := ) *, for q > p, 

0, else. 



In [LMP09] we noted that the relative cohomology theories, or in other words the 
cohomologies of the quotient mixed complex (Q*,b,B), can be calculated from 
a particular mixed complex quasi-isomorphic to Q*, namely from the direct sum 
mixed complex 

(c*U)ec ,+1 (6),b,B), 

where 

'S ~X)< Ho -.)■ ™ 

In particular, the relative Hochschild cohomology HH* (.A, B) is computed by the com- 
plex (C* [A] © C* +1 (B), b), the relative cyclic cohomology HC* (A, B] by the complex 
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(Tot^BC*'* [A] © Tot^ +1 BC'* (B), b + B), and the relative periodic cyclic cohomology 
HP' [A, B) by (Tot^BC^ (A) © Tot^ +1 BC p *>* (B), b + B) . 
Note that of course 

(Tot^BC*'* (-4) © To4 +1 BC*'* (B), b + B) 

~ (Tot'BC*'*(AB),b + B), (L6) 

where BC™ (A B) := BC™ (.4) © BC™ +1 (B). 

Dually to relative cyclic cohomology, one can define relative cyclic homology 
theories. We will use these throughout this article as well, and in particular their 
pairing with relative cyclic cohomology. For the convenience of the reader we 
recall their definition, referring to [LMP09] for more details. The short exact se- 
quence (1.3) gives rise to the following short exact sequence of homology mixed 
complexes 

0-» (K.,b,B) -» (C.U),b,B) -> (C.(B),b,B) ->0, (1.7) 

where here b denotes the Hochschild boundary, and B the Connes boundary. The 
kernel mixed complex K. is quasi-isomorphic to the direct sum mixed complex 

(C.U)8C. +1 (B),b,B), 

where 

X X), and B-(» _°„). (>,, 

This implies that the relative cyclic homology HC.(„4, B) is the homology of 
(Tot®SC.,.(AB),b + b), where BC v>q {A,B) = BC v , q {A) © BC p , q+1 (B). 
Likewise, the relative periodic cyclic homology HP. (.4, B) is the homology of 
(TotHBCSf. KB),b + B), where BC p e ; q [A, B) =BC^{A) ©BC p * q+1 (B). 

By [LMP09, Prop. 1.1], the relative cyclic (co)homology groups inherit a nat- 
ural pairing 

(--).: HC'U,B) x HC. [A, B) -» C, (1.9) 
which will be called the relative cyclic pairing, and which on chains and cochains is 
defined by 

(-, -) : (BC™ U) © BC™ +1 (B)) x (BC p , q [A) © BC p , q+1 (B) 
(((p,t|>),(a,P)) ^ (<p, a ) + (t|>,P). 

This formula also describes the pairing between the relative periodic cyclic 
(co)homology groups. 

Returning to diagram (1.1), we can now express the (periodic) cyclic cohomol- 
ogy of the pair (C°°(M),f °°(3M, M)) resp. of the pair (C°°{M),C 00 {dM)) in terms 
of the cyclic cohomology complexes of C°°(M) and£°°(3M, M) resp.C°°(3M). We 

note that the ideal J°°{dM, M) is H-unital, since (j°°[dM, M)) 2 = J°°[dM, M) 
(cf. [BRPF08]). Hence excision holds true for the ideal J°°{dM, M), and any of 
the above cohomology theories of J'°°(dM. y M) coincides with the corresponding 
relative cohomology of the pair (C°°(M), £°°(3M, M)) . In particular, we have the 
following chain of quasi-isomorphisms 

Tbt^BC'»'(j TO (3M,M)) ~ qism To4BC*>*(C 00 (M),£ 00 (3M,M)) ~ qism 

~ qism Tot% BC> m {C°°{M.)) © Tot^ +1 BC*>*(f °°(3M, M)). <U " 



(1.10) 
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Next recall from [BrPf08] that the map 

Tot* BC£(C°°(M)) -> To1*BC£(£ °°(3M, M)), 

a|> ' ^ ((£°°(9M, M))® k+1 9 F ® . . . ® F k ^ iJj(Fo|| X ® . . . ® F k |, x ; 

between the periodic cyclic cochain complexes is a quasi-isomorphism. As a con- 
sequence of the Five Lemma one obtains quasi-isomorphisms 

Tot^BC;^(j°°OM,M)) ~^Tot£BC£(C~(M},£~(aM,M}) ~ qism 

~ qism Tot^ bc^* (c~ (M)} ® Tot*+ 1 bc;>* (c°°(3M)). ( 1 ' 1 2 ' 

In this paper we will mainly work with the relative complexes over the pair 
of algebras (C°°[M),C°°{dM)^, because its cycles carry geometric information 
about the boundary, which is lost when considering only cycles over the ideal 
J°° (3M, M). In this respect we note that periodic cyclic cohomology satisfies exci- 
sion by [CUQU93, CuQu94], hence in the notation of (1.3), HP* [J) is canonically 
isomorphic to HP* [A, B). 

1.3. The Chern character 

For future reference, we recall the Chern character and its transgression in 
cyclic homology, both in the even and in the odd case. 



1.3.1. Even case. The Chern character of an idempotent e e Mat 00 (yl) :— 
lim MatN [A) is the class in HP (.4) of the cycle given by the formula 

ch. (e) := tro(e) + f_ (-1 tr 2k ((e - 1) ® e®^ ] ) , (1.13) 

k=1 

where for every j € N the symbol e®' is an abbreviation for the j-fold tensor prod- 
uct e ® • • • ® e, and tr, denotes the generalized trace map MatN [A)®i — > A®K 

If (e s )o< s <i is a smooth path of idempotents, then the transgression formula 
reads 

A ch.(e s ) = (b + B) #i.(e s , [2e s - 1)e s ); (1.14) 
as 

here the secondary Chern character ^h. is given by 

#i.(e,h):=i(h)ch.(e), (1.15) 
where the map i(H) is defined by 

L(h)(a ® ai ® . . . ® ai) 

J- . (1.16) 
= } (-1) t (a <g> . . . ® ai ® h ® tii+i ® .. . ® at). 

A relative K-theory class in Ko{A,B) can be represented by a triple (p, q,h) 
with projections p, q € Matisi(.A) and h : [0,1] -4 Mat N (B) a smooth path of 
projections with h(0) = ofp),h(1] = u[q) (cf. [HlRoOO, Def. 4.3.3], see also 
[LMP09, Sec. 1.6]). The Chern character of (p, q, h) is represented by the relative 
cyclic cycle 

ch.(p,q,h) = (ch.(q)-ch.(p), -Ttfu(H)), (1.17) 
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where 



Tjflu(h) = 



/flu (Ms), (2h(s) - 1 )H(s)) ds. (1.18) 

o 

That the r.h.s. of Eq. (1.17) is a relative cyclic cycle follows from the transgression 
formula Eq. (1.14). From a secondary transgression formula [LMP09, (1.43)] one 
deduces that (1.17) indeed corresponds to the standard Chern character on Ko(»7) 
under excision. 



1.3.2. Odd case. The odd case parallels the even case in many aspects. Given 
an element g € GLoo [A] := lim GLn [A) , the odd Chern character is the f ollow- 

N— >oo 

ing normalized periodic cyclic cycle: 

oo 

ch.(g) = ^(-1) k k!tr 2k+1 ((g- 1 ®g)^( k+1 »). (1.19) 

k=0 

If (gs)o<s<i is a smooth path in GLoo(^4), the transgression formula 
(cf. [GET93B7Prop. 3.3]) reads 

^ch.(g s ) = (b + B) £h.[g s ,g s ), (1.20) 
where the secondary Chern character jfli. is defined by 

*Mg,h) =tr (g- 1 h)+ (1.21) 

oo k 

+ ^J-1) k+1 k!^tr 2k+2 ((g- 1 ® gjsG+n ® g^H® (g^ 1 <8> g)® (kH) ). 

k=0 j=0 

A relative K-theory class in Ki [A, B) can be represented by a triple (U, V, h), 
where U, V € MatN [A] are unitaries and h : [0, 1] — » Mat^ (S) is a path of unitaries 
joining cr(U) and cr(V). Putting 

f 1 

Tjflu(h)= ^h.(h s ,h s )ds, (1.22) 

. o 

the Chern character of (U, V, h) is represented by the relative cyclic cycle 

ch.(U,V,h) = fch.(V)-ch.(U), -T)fla.(h)). (1.23) 



Again the cycle property follows from the transgression formula Eq. (1.20) and 
with the aid of a secondary transgression formula [LMP09, (1.15)] one shows 
that (1.23) corresponds to the standard Chern character on Ki [J] under excision 
[LMP09, Thm. 1.7]. 

1.4. Dirac operators and q-graded Clifford modules 

To treat both the even and the odd cases simultaneously we make use of the 
Clifford supertrace (cf. e.g. [Get93a, Appendix]). Denote by C£ q the complex 
Clifford algebra on q generators, that is C£ q is the universal C* -algebra on unitary 
generators ei , e q subject to the relations 

eje k + e k ej = -25 jk . (1.24) 

Let % — W + © 'Hr be a Z 2 -graded Hilbert space with grading operator a. We 
assume additionally that T~L is a Z 2 -graded right Ci q -module. Denote by c r : T~L ® 
Ci q — > H the right C£ q -action and define operators Ej : % — » % for j = 1, • • • , q 
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by Ej :— c r ( — <g>ej) • Then the Ej are unitary operators on H which anti-commute 
with a. 

The C * -algebra £ ( % ) of bounded linear operators on % is naturally Z2 -graded, 
too. For operators A, B € £>[H) of pure degree |A|, |B| the supercommutator is de- 
fined by 

[A,B] Z2 :=AB-(-l) |A||B| BA. (1.25) 

Furthermore denote by Lci q [W] the supercommutant of Ci q in %, that is Lci q {H) 
consists of those A e Z[H) for which [A,Ejk 2 = 0, j = 1,..., q. For K e £c £q (W) = 
{A 6 £c« q I A trace class } one defines the degree q Clifford supertrace 

Strq(K) := (47t)-i /2 Tr(aE 1 • ... • E q K). (1.26) 
The following properties of Str q are straightforward to verify. 

Lemma 1.1. For K, Ki , K2 € £~ £q [%), one has 

(1) Str q K = 0,zf|K| + qis odd. 

(2) Str q vanishes on super-commutators: Str q ([Ki , K2]z 2 ) = 0. 

Let (M, g) be a smooth riemannian manifold. Associated to it is the bundle 
C£(M) := C£(T*M) of Clifford algebras. Its fiber over p 6 Mis given by the 
Clifford algebra generated by elements of T* M subject to the relations 

£,•£ + £• £, = -2g(£,,C) foralH,£ eT^M. (1.27) 

Definition 1.2 (cf. [GET93A, Sec. 5]). Let q be a natural number. By a degree q 
Clifford module over M one then understands a Z2-graded complex vector bundle 
W — > M together with a hermitian metric (— , — ), a Clifford action c = c 1 : b T*M ® 
W — > W, and an action c r : W <8> C£ q — > W such that both actions are graded and 
unitary and supercommute with each other. A Clifford superconnection on a degree 
q Clifford module W over M is a superconnection 

A : n'(M,W) := r°°(M; A"(T*M) ® W) D"(M,W) 

which supercommutes with the action of C£ q/ satisfies 

[A,c(cu)] z = c(Vtu) for all cu e Q 1 (M), 

and is metric in the sense that 

(A£,, £) + (£,, AQ =d^,C) foralH,Cea # (M,W). 

Here, and in what follows, V denotes the Levi-Civita connection belonging to g. 

The Dirac operator associated to a degree q Clifford module W and a Clifford 
superconnection A is defined as the differential operator 

D :=c J o A : r°°(M;W) -> r°°(M; A"(T*M) ® W) r°°(M; W). 

In this paper the term "Dirac operator" will always refer to the Dirac operator 
associated to a Clifford (super)connection in the above sense. Such Dirac operators 
are automatically formally self-adjoint. By a Dirac type operator we understand a 
first order differential operator such that the principal symbol of its square is scalar 
{cf. [TAY96]). 
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1.4.1. The JLO cochain associated to a Dirac operator. Let M be a com- 
pact riemannian manifold without boundary and let D be a Dirac type oper- 
ator as described above. Since M is compact and since D is elliptic the heat 
operator e~ rD2 ,r > 0, is smoothing and hence for pseudodifferential operators 
A , • • • , A k G ¥°°(M, W) we put, following [Get93a, Sec. 2], 

(A , ■ ■ • , A k > Dt := [ Str q (A e~ a ° D * • ■ ■ A k D < ) dcr 

Ja, (1.28) 

= Str q ((A ,...,A k ) Dt ), 

where 

A k := {a = (d ,...,(J k ) G M k+1 | ffj > 0, do + • • • + ffk = 1 } (1-29) 
denotes the standard k-simplex and 



(A ,...,A k ) D := 



■ ,[D,a j ],V,[D,a J+1 ],... ,[D,a k ]). ( - 131 ^ 



Aoe- ffoD ■■■A k e-^ D da. (1.30) 

Furthermore, for smooth functions ao, . . . , a k G C°°(M), one puts 

Ch k (D)(a 0) • • • , a k ) := (a , [D, a,], • • • , [D, aj), (1.31) 
jfti k (D,V)(ao,--- ,a k ) 
Y_ {-iy de * v (a ,[D,ai],- 

0<j<k 

Ch* (D) is, up to a normalization factor depending on q, the JLO cocycle associated 
to D. For a comparison with the standard non-Clifford co variant JLO cocycle see 
also Section 2.6 below. 

Now consider a family of Dirac operators, D t , depending smoothly on a pa- 
rameter t. The operation j0\ will mostly be used with V = D t as a second argu- 
ment. Here D t is considered of odd degree regardless of the value of q. 

Ch* [D t ] then satisfies 

bCh le ~ 1 (D t ) + BCh 1t+1 (Dt) = (1.33) 

and 

^Ch k (D t )+b/fh ,t - 1 (D t ,t) t ) + B|fh k+1 (D t ,D t ) =0. (1.34) 
dt 

1.5. The relative Connes-Chern character of a Dirac operator over a manifold 

with boundary 

In this section, M is a compact manifold with boundary, go is a riemannian 
metric which is smooth up to the boundary, and W — » M is a degree q Clifford 
module. We choose a hermitian metric h on W together with a Clifford connection 
which is unitary with respect to h. Let D = D(V, go) be the associated Dirac op- 
erator; we suppress the dependence on h from the notation. Then D is a densely 
defined operator on the Hilbert space % of square-integrable sections of W. 

According to [BDT89, Prop. 3.1], as outlined in the introduction, D defines a 
relative Fredholm module over the pair of C* -algebras (C(M),C(3M)). Recall that 
the relative Fredholm module is given by F = D e (DJD e + l) -1 ^ 2 , where D e is a 
closed extension of D such that either D*D e or D e D* has compact resolvent (e.g. 
both the closure D m i n = D and the "maximal extension" D max = (D 1 )*, which is 
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the adjoint of the formal adjoint, satisfy this condition), and that the K-homology 
class [F] does not depend on the particular choice of D e (see [BDT89, Prop. 3.1]). 
Furthermore, [BDT89, §2] shows that over the C*-algebra C (M \ 9M) of contin- 
uous functions vanishing at infinity, whose K-homology is by excision isomorphic 
to the relative K-homology group K*(C(M),C(3M)), one has even more freedom 
to choose closed extensions of D, and in particular the self-adjoint extension Daps 
obtained by imposing APS boundary conditions yields the same K-homology class 
as [F]inK*(C (M\3M)). 

It is well-known that D AP s has an m + -summable resolvent (cf. e.g. [GrSe95]). 
Moreover, multiplication by f € ^(SM, M) preserves the domain of Daps and 
[Daps> fl = c(df ) is bounded. Thus Daps defines naturally an m + -summable Fred- 
holm module over the local C*-algebra J°°(dM, M) c Co(M\ 9M). Since by exci- 
sion in K-homology K* (C (M\3M)) is naturally isomorphic to K* (C(M),C(3M)), 
one concludes that the class [F] of the relative Fredholm module coincides under 
this isomorphism with the class [D] of the m + -summable Fredholm module over 
J°°{dM,M). 

Let us now consider the Connes-Chern character of [D]. According to 
[CoMo93], it can be represented by the truncated JLO-cocycle of the operator 
D (with n > m of the same parity as m): 

ch?(D) = ^Ch n ~ 2k (tD) + BT*K +1 (D). (1.35) 

k>0 

Recall from [JLO88] that the JLO-cocycle is given by 



Ch k (D)(a ,...,a k ) = 



Strqfaoe-' 7 '' [D,ai]...[D,a k ]e- <JkD )da, 
A k (1.36) 

for ao,...,a k € J°°(dM,M). 



Note that the cyclic cohomology class of ch^(D) is independent of t, and that 
ch* is the Connes-Chern character as given in Diagram (1.2). To obtain the 
precise form of the Connes-Chern character ch*(D) g HP*( l / 00 (3M, M)) one 
notes first that by [BrPf08] HP*(j r °°(3M, M)) is isomorphic to the relative de 
PJiam cohomology group H^ R (M, 3M; C) and then one has to calculate the limit 
limt^o ch t l (D)(ao, . . . , a k ). Since Ch k is continuous with respect to the Frechet 
topology on J°°{dM, M), and C£°(M \ 3M) is dense in J°°{dM, M), it suffices to 
consider the case where all cij in (1.36) have compact support in M \ 3M. But in 
that case one can use standard local heat kernel analysis or Getzler's asymptotic 
calculus as in [COMO90] or [BLFO90] to show that for n > m and same parity as 
m 



Iim[ch?] k (D)(ao,...,a k ) = 



cup A ao dai A . . . da k . (1.37) 

M 

Here, [ ch] 1 ] denotes the component of ch] 1 of degree k and u>d is the local index 
form of D. By Poincare duality the class of the current (1.37) in H^ R (M, 3M) de- 
pends only on the absolute de PJiam cohomology class of cup in H* R (M). By the 
transgression formulae this cohomology class is independent of V and go- 

Finally let g be an arbitrary smooth metric on the interior M° = M \ 3M 
which does not necessarily extend to the boundary. Then we can still conclude 
from the transgression formula that the absolute de Rham cohomology class in 
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H* R (M) = H dR (M \ 3 M) of the index form cud of D(V, g) represents the Connes- 
Chern character of [(D(V, go)]- 

Summing up and using Diagram (1.2), we obtain the following statement. 

Proposition 1.3. Let Mbea compact manifold with boundary and riemannian metric go- 
Let W be a degree q Clifford module over M. For any choice of a hermitian metric h and 
unitary Clifford connection V on W the Dirac operator D = D(V, go) defines naturally a 
class [D] e K m (M \ 3M). The Connes-Chern character of [D] is independent of the choice 
o/V and go- In particular the index map Index[ D j : K*(M, 3M) — > Z, defined by the 
pairing with K-theory, is independent o/V and go- 

Furthermore, for any smooth riemannian metric g in the interior M° = M. \ 3M the 
de Rham cohomology class tu D (v, g ) represents the Connes-Chern character of D(V, go). 

1.6. Exact b-metrics and b-functions on cylinders 

Let M be a compact manifold with boundary of dimension m, let 3M be its 
boundary, and denote by M° its interior M\3M. Then choose a collar for M which 
means a diffeomorphism of the form (r,r|) : Y — > [0,2) x 3M, where Y C M is an 
open neighborhood of 3M = r _1 (0). The map r : Y — > [0, 2) is called the boundary 
defining function of the collar, the submersion r\ : Y — > 3M its boundary projection. 
For s G (0,2) denote by Y s the open subset r" 1 ([0, s)), put Y os := r" 1 ((0,s)) 
and finally let M s := M \ Y s and JVF := M \ Y os ; likewise Y° := Y \ 3M. Next, let 
x : Y — > M be the smooth function x := In or. Then (x,T|) : Y o3/2 — > (— oo,ln|)x3M 
is a diffeomorphism of Y 3 ^ 2 onto a cylinder. 

After having fixed these data for M, we choose the most essential ingredient 
for the b-calculus, namely an exact b-metric for M. Following [MEL93], one under- 
stands by this a riemannian metric gb on M° such that on Y°, the metric can be 
written in the form 

9b|Y° = ~r~ ® dr)| Y o +r|* Y0 ga, (1.38) 

T |Y° 

where ga is a riemannian metric on the boundary 3M. If M is equipped with an 
exact b-metric we will for brevity call it a b-manifold. 

Clearly, one then has in the cylindrical coordinates (x,T|) 

g b | Y ° = (dx ® dx)| Y o +Ti* Y0 g3. (1.39) 

This means that the interior M° together with g b is a complete manifold with 
cylindrical ends. Thus although we usually tend to visualize a compact manifold 
with boundary like in Figure 1.1, a b-manifold looks like the one in Figure 1.2. For 
calculations it will often be more convenient to work in cylindrical coordinates and 
hence next we are going to show how the smooth functions on M can be described 
in terms of their asymptotics on the cylinder. 

Consider the cylinder Ix 3M := R x 3M together with the product metric 

g cy i = dx <g) dx + pr^ ga, (1-40) 

where here (with a slight abuse of language), x denotes the first coordinate of the 
cylinder, and pr 2 : R x 3M — > 3M the projection onto the second factor. 

Next we introduce various algebras of what we choose to call b-functions on 
R x 3M. For c e R define b C°° ((-oo,c) x 3JVl) resp. b C°° ((c,oo) x 3M) as the 
algebra of smooth functions f on (— oo, c) x 3M resp. on (c, oo) x 3M for which 
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collar Y ~ [0, 2) x 3M 




FIGURE 1.1. The compact manifold M with boundary. The pic- 
ture of the collar does not capture the b-metric. 



cylinder Y° ~ (-co, In 2) x 3M 




— oo = InO 



= ln1 In 2 



FIGURE 1.2. Interior of M with cylindrical coordinates on the col- 
lar (0,2)x3M ~ (— oo,ln2)x3Mvia (r,r|) n> (lnr,ri). This picture 
correctly captures the metric on the collar. 



there exist functions , fj", fj, . . . e C°°(3M) resp. f J, ff , fj, . . . e C°°(3M) such 
that the following asymptotic expansions hold true inxel: 



f (x, ) "^x— >— oo f() + f i e 

f (x, ) ~x — >OG f() 



f+e" 



-f2e 2x + .. 



resp. 



(1.41) 



More precisely, this means that there exists for every k, I e N and every differential 
operator D on 3M a constant C > such that 



3iDf(x,p) - O l Dfo (p) - ... - k l Df^(p)e 



kx 



< Ce 



k+1)x 



for all x < c — 1 and p G 3M resp. 



3 x Df(x,p)-0 l Df+(p) 



,-kx 



< Ce- (k+1)x 



(1.42) 



.-(-k) L Df+(p)e- 

for all x > c + 1 and p e 3M. 

The asymptotic expansion guarantees that f e b C°° ((— oo, c) x 3M.) if and only if 
the transformed function [0, e c [x 3M 3 (r, p) f ( lnr, p) is a smooth function on 
the collar [0, e c [x3M. 

The concept of b-f unctions has an obvious global meaning on M°. Because of 
its importance we single it out as 
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Proposition 1.4. A smooth junction f e C°°(M°) extends to a smooth, junction on M if 
and only if it is a b-function. In other words this means that the restriction map C°°(M) 9 
f i ) f| M o e b C°°(M°) is an isomorphism of algebras. 

The claim is clear from the asymptotic expansions (1.42). 
The algebra b C°° (R x 3M) of b-functions on the full cylinder consists of all 
smooth functions fonlx 3M such that 

f|(-oo,0)xaM e b C°°((-oo,0) x 9M) and f| (0)Oo)x3M e b C°° ((0,oo) x 3M). 

Next, we define the algebras of b-functions with compact support on the cylindri- 
cal ends by b C~ ((-oo, c) x OM) := 

{f e b C°° ((-oo,c) x 9M) | f(x,p) = Oforx > c - e,p e 3M and some £ > 0} 

resp. by b C~ t ((c,oo) x 3M) := 

{f e b C°° ((c,oo) x 3M) | f(x,p) = Oforx < c + e,p e 3M and some e > 0}. 

For sections in a vector bundle the notation r c t ^' t ((— oo, 0) x 3M; E) has the analogous 
meaning. 

The essential property of the thus defined algebras of b-functions is that the 
coordinate system (x,r|) : Y o3/2 — > (— oo,ln3/2) x 3 M induces an isomorphism 

(x,ti)* : b C°° ((-oo,ln3/2) x 3M) -^C°°(Yi), (1.43) 
which is defined by putting 

f(x(p),r|(p)), ifp^3M,\ 
f^fofe)), ifpeSM.J' 

for all f G b C°° ((-oo, In 3/2) x 3M) . Under this isomorphism, b C c ^ t ((-oo, 3/2) x 

3M) is mapped onto C^ t (Yi). In this article, we will use the isomorphism (x,ri)* 
to obtain essential information about solutions of boundary value problems on M 
by transforming the problem to the cylinder over the boundary and then perform- 
ing computations there with b-functions on the cylinder. 

The final class of b-functions used in this work is the algebra ^ (K x 3M) 
of exponentially fast decreasing functions or b-Schwartz test functions on the cylinder 
defined as the space of all smooth functions f € C°°(M x 3M) such that for all 
I, n e N and all differential operators D e Diff(3M) there exists a Ct,D,n > such 
that 

|3iDf(x,p)| < Ci, D ,Ne" n|x| for all x e Mandp e 3M. (1.44) 
Obviously, (x,y)* maps b § (ix 3M) n b C~ t ((-oo,ln3/2) x 3M) onto the function 
space J°°(dM,Y?) nC c ^ t (Y7). 

1.7. Global symbol calculus for pseudodifferential operators 

In this section, we briefly recall the global symbol for pseudodifferential op- 
erators which was introduced by Widom in [WID80] (see also [FuKe88, Pfl98]). 
We assume that (Mo, g) is a riemannian manifold (without boundary), and that 
7Te : E — > Mo and 7Tf : F — > Mo are smooth vector bundle carrying a hermitian 
metric |Xe resp. |Xf- In later applications, Mo will be the interior of a given mani- 
fold with boundary M. 



(x,ri)*f:= Yi9 P H 
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Recall that there exists an open neighborhood Do of the diagonal in Mo x Mo 
such that each two points p, q e Mo can be joined by a unique geodesic. Let oco 
be a cut-off function for CIq which means a smooth map Mo x Mo — » [0, 1] which 
has support in D.q and is equal to 1 on a neighborhood of the diagonal. These data 
give rise to the map 

0>:MxM^TM, M ^h M ^v^ (L45) 

I else, 

which is called a connection-induced linearization (cf. [FuKe88]). Next denote for 
(p,q) € flo by Tp q : E p — > E q the parallel transport in E along the geodesic 
joining p and q. This gives rise to the map 

t : E x M — > E, (e,(|)Hi ° v tl h ^ J " E (e)V h i ti J> hj o, (146) 

I else, 

which is called a connection-induced local transport on E. (c/. [FuKe88]). 

Next let us define the symbol spaces 5 m (T*M ;7t^, M E). For fixed m e K 
this space consists of all smooth sections a : T*Mq — > 7ty„ M E such that in local 
coordinates x : U -> JR dimM <> Q f 

over U c Mo open and vector bundle coordinates 
(x,T|) : E| U — > M dimM o+dim s E the f u owm g estimate holds true for each compact 
KcU and appropriate Ck > depending on K: 

||9^3|(rioa)(£,)|| < C K (1 + ||T*x(£) ll) mHPI for all £, e T* K M . (1.47) 

Given a symbol a E S m (T* Mq; 7tj, M Hom(E, F)J one defines now a pseudodiffer- 
ential operator Op(a) e W m (M ; E, F) by 



;Op(a)u)(p) 
1 



T.MoxT'M 



a (p,expv)e l(v ' £> a(p, £,)x E (u(expv),p) dv d£,, 

(1.48) 



where u € T^fE) and p e Mo- Moreover, there is a quasi-inverse, the symbol map 
cr:¥ m (M ;E,F) —> 5 m (T*Mo;7tj» M Hom(E, F)) which is defined by 



(T(A)(f,)(e) := A(a (p, -) x E (e, -) e ^lv,-))j (1 . 49) 

where p e Mo, £, G T*Mo, e e E p . It is a well-known result from 
global symbol calculus (cf. [WID80, FuKe88, Pfl98]) that the map Op maps 
5 -oo (j* Mq . ^ m Hom(E, F)) onto (M ; E, F) and that up to these spaces, Op 
and o~ are inverse to each other. 



1.8. Classical b-pseudodifferential operators 

Let us explain in the following the basics of the (small) calculus of b- 
pseudodifferential operators on a manifold with boundary M. In our presenta- 
tion, we lean on the approach [LOY05]. For more details on the original approach 
confer [MEL93]. 

In this section, we assume that M carries a b-metric denoted by gb. Further- 
more, let 7Te : E — > M and tcf : F — > M be two smooth hermitian vector bundles 
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over M, and fix metric connections V E and V F . Then observe that by the Schwartz 
Kernel Theorem there is an isomorphism between bounded linear maps 

A : J°° (3M, M; E) -» J°° (9M, M; F') ' 

and the strong dual J°°(d{M x M),M x M;E ® ¥')', where J°°(dM.,M.;E) := 
J°°(dM, M) • C°°(M; E). This isomorphism is given by 

AhK a (j 00 (3M,M;E)®J r00 (9M,M;F') 9 (u®v) i-» (Au,v)), (1.50) 

where we have used that 

J°°(d[M x M),M x M;EH F') = J°°(dM, M;L)<§)J°°(dM, M;F') 

with $ denoting the completed bornological tensor product. The b-volume form 
l^b associated to g b gives rise to an embedding 



which we use implicitly throughout this work. In the formula for the embed- 
ding, (— , — ) denotes the natural pairing of an element of a vector bundle with 
an element of the dual bundle over the same base point, u,v are elements of 
J°°(dM,M;E) and J°°(dM, M;F') respectively, and M°°(X,M;E) denotes for 
X c M closed the space of all sections u e r°° (M \ X; E) such that in local coordi- 
nates (y,r|) : tC^ (U) — > RdimM+dimE wim y c M Q p en one ^ as f or ever y com pact 

K c U, p e K \ X, and a e N dim M an estimate of the form 



where C > and A > depend only on the local coordinate system, K, and a. The 
fundamental property of M°° (X, M; E) is that 



Note that the vector bundle E (and likewise the vector bundle F) gives rise to a 
pull-back vector bundle pr aM E| aM on the cylinder, where pr aM :Ix 3M ^ 3M 
is the canonical projection. This pull-back vector bundle will be denoted by E 
(resp. F), too. As further preparation we introduce two auxiliary functions il> : 
M — > [0, 1] and cp : M — > [0, 1] on M which are smooth and satisfy supp i|) cc M 1 , 
4>(p) = 1 for p e M 3/2 , supp cp CC Y 1 , and finally cp(p) = 1 for p e Y 1/2 . Such a 
pair of functions will be called a pair of auxiliary cut-off functions. 

By a b-pseudodifferential operator of order mel we now understand a contin- 
uous operator A : J°°{dM, M; E) -> J°°[dM, M; F') ' such that for one (and hence 
for all) pair(s) of auxiliary cut-off functions the following is satisfied: 

( b Yl ) The operator (1— cp)A(1— (p)isa compactly supported pseudodiff erential 

operator of order m in the interior M°. 
( b Y2) The operator cpAil) is smoothing. Its integral kernel Y. v ai\> has support in 

suppcp x M and lies in J°° (3 ( M x M),M x M;E'K1F). 
( b Y3) The operator xpAcp is smoothing. Its integral kernel K^Acp has support in 

M x supp cp and lies in J°° (3(M x M),M x M;E'KF). 



M°°(3M,M;E'® F) ^ J°°(d[M x M),M x M;EKF')', 




(1.51) 




J°°{X } M) •M°°(X,M;E) c J°°{X, M;E). 
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( bx F4) Consider the induced operator on the cylinder 
A : b S (R x 3M;E) -> (R x 3M;F)', 



u I ) 



(t,p) i ^ [(1 -o|))A(l -A>) ((x,n)*u)]((x,T 1 )- 1 (t,p))) ) 



where b S (R x 3M;E) := b S(]R)g)C 00 (9M;E). Denote by a := a(A) G 
S m (T*(R x 3M);7t*Hom(E,F)) the complete symbol of A defined by 
Eq. (1.49) with respect to the product metric on M x 3M. Then the fol- 
lowing conditions hold true: 

(i) Let y denote local coordinates of 3M, (y,£,) the corresponding lo- 
cal coordinates of T* 3 M, and x the cotangent variable of the cylin- 
der variable t e R. Then the symbol a(t, x, y, £,) can be (uniquely) 
extended to an entire function in x G C such that uniformly in t, 
uniformly in a strip | Im x| < R with R > and locally uniformly in y 

3^3^ a|| < C k)l)Ki p (1 + |x| + ||q|) m - l - |pl 

for I e N, (3 G n dimM -\ 

(ii) There exist symbols a k (x,y, £,) e S m (C x T*3M;tt* Hom(E,F)), k e 
N, and r n (t,x,y, £,) e 5 m (R x C x T*3M);tt* Hom(E,F)), n e N, 
which all are entire in x and fulfill growth conditions as in (i) such 
that for every neN the following asymptotic expansion holds: 

n 

a(t,x,y, Q = Y_ e kt 3k(T,y, £J + e< n+1 >* r n (t,x,y, £,). 

k=0 

(iii) The Schwartz kernel Kg of the operator B := A — Op(a) with Op(a) 
defined by Eq. (1.48) can be represented in the form 

K s (t,p,t',p')= [ e ilt - t '» T b(t ) T ) p,p')dT 

JR 

with a symbol 

b(t,T,p,p') G 5-°°(T*M x 3M x 3M;7t* Hom(E, F)) 

which is entire in x and which for every fa G N, k, I G N and every 
pair of differential operators D p and D p , on 3M (acting on the vari- 
able p resp. p') satisfies the following estimate uniformly in t, p, p' 
and uniformly in a strip | Im x| < R with R > 

3^d p d;, b|| < c A(kll ,D,D' (i + M) m . 

(iv) There exist symbols 

b k (x,p,p') e S-°°(C x 3M x 3M;7T*Hom(E,F)), 

for k G N and symbols 

r n (t,x,p,p') G 5 m (R x C x 3M x 3M;7T*Hom(E,F)), 

for neN which all are entire in x and fulfill growth conditions as 
in (iii) such that for every neN the following asymptotic expansion 
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holds: 

TL 

b(t,T,p,p') = Y_ e kt b k (T,p,p') + e (n+1)t r n (t,T,p,p'). 

k=0 

If in addition to the above conditions the operators (1 — (p)A(1 — cp) and A are both 
classical pseudodifferential operators, then A is a classical b-pseudodifferential 
operator of order m. We denote the space of classical b-pseudodifferential oper- 
ators on (M., g b ) of order m between E and F by bx F m (M; E, F), and put as usual 
b ¥°°(M;E,F) := U meZ b W m (M;E, F). It is straightforward (though somewhat te- 
dious) to check that D W (M;E) := °¥ (M;E,EJ even forms an algebra. Obvi- 
ously, h W (M;E,F) contains as a natural subspace the space b Diff(M;E,F) of all 
b-differential operators on M from E to F which means of all local classical b- 
pseudodifferential operators. The following is immediate to check. 

Proposition 1.5. Let A e ^""(M; E, F). Using the notation from above the following 
propositions are then equivalent: 

(1) A G b Diff (M;E,F). 

(2) The operators (1 — cp)A(l — cp) and A are differential operators, and both the 
operators cpAi]) and xpAcp vanish. 

(3) The operator A acts as a differential operator over the interior, i.e. as a local op- 
erator on r°°(E| M o). In addition, over the cylinder {— oo, 0] x 3M the operator 
A can be written locally in the form 

A= Y- a >-<* 9 y 9 *> (1-52) 

j + |oc|<ord A 

where a u<x G b C°°((-oo,0) x U), U c 3M open andy : U -> r^m- 1 are 
local coordinates ofdM. 

Over a cylinder [— oo, c) x N with ceR and N a compact manifold, we some- 
times use the notation b ¥^ t ((— oo, c) x N; E, F) to denote the space of all pseudo- 
differential operators in bx f°° ((— oo, c) x N; E, F) having support in some cylinder 
(— oo, c — e] x N with e > 0. We also put 

b Diff cpt ((-oo,c) x N;E,F) := 

b Diff ((-oo,c) x N;E,F) n% t ((-oo,c) x N;E,F). 

Note that in condition [ b W4) above, the operator A is an element of the space 
b ¥~((-oo,3/2) x 3M;E,F). 

Throughout this work, we also need the b-versions of Sobolev-spaces. The 
b-Sobolev space b H m (M; E) is defined for m G N by 

b H m (M,E) := (ueL 2 (M,E) | Du G L 2 (M, E) for all D G b Diff m (M, E)}. (1.54) 

For the definition of b H m (M, E) for arbitrary m G K we refer the reader to 
[MEL93]. The following result is straightforward. 

Proposition 1.6. Let A £ b V l (M;E,F) be a b-pseudodifferential operator. Then the 
follozving holds true: 
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(1) A has a natural extension 

A: b H m (M;E) ^ b H m_l (M;F), (1.55) 
which we denote by the same symbol like the original operator. 

(2) The b-Sobolev-space b H [M, E) is the natural domain of any elliptic first order 
b-pseudodifferential operator acting on sections o/E. 

(3) If A has order 1 = 0, then A is bounded. 

1.9. Indicial family 

Assume A e b W m (M; E, F). Denote by A and a the induced operator and its 
complete symbol on the cylinder R x 3M as above in condition ( bx l / 4). Consider 
the zeroth order term So in the asymptotic expansion [ b W4) [ii) and put for t e C, 
ue r°°(3M;E) andp e 9M 

X(A)(T)u(p] :=Op(a (T,-))u(p) = (1.56) 
= ^cuLm-i ao(p,expv) e~ t<v>t> a (x,p, £,) T E (u(expv),p) dvd£,, 

T p 3MxT*3M 

where, as explained in Section 1.7, ao : M x M — > [0, 1 ] is a cut-off function vanish- 
ing outside the injectivity radius and t e is a connection induced parallel transport 
on E. One thus obtains an entire family 1(A) of pseudodifferential operators on 
the boundary 3M which is called the indicial family of A. The indicial family plays 
a crucial role in deriving the Atiyah-Patodi-Singer index formula within the b- 
calculus (cf. [MEL93]). 



CHAPTER 2 



The b-Analogue of the Entire Chern Character 



After discussing in Section 2.1 the b-trace in the context of a manifold with 
cylindrical ends, we digress in Section 2.2 to establish a cohomological analogue 
of the well-known McKean-Singer formula in the framework of relative cyclic co- 
homology for the pseudodifferential b-calculus, and then employ it to recast Mel- 
rose's approach to the proof of the Atiyah-Patodi-Singer index theorem. In Sec- 
tion 2.3 we establish an effective formula for the b-trace, which will be used later 
in the paper. The rest of this chapter is devoted to a reformulation of Getzler's ver- 
sion of the entire Connes-Chern character in the setting of b-calculus, formulated 
in terms of relative cyclic cohomology. 



2.1. The b-trace 

From now on we assume that M is a compact manifold with boundary, that 
r : Y — > [0, 2) is a boundary defining function, and that g b is an exact b-metric on 
M. These are the main ingredients of the b-calculus, which we will use in what 
follows (see Sections 1.6 to 1.9 for basic definitions and the monograph [MEL93] 
for further material on the b-calculus). 

Before we can construct the b-analogue of the entire Chern character we have 
to recall here however the definition of the b-trace (cf. [MEL93]), since this notion 
plays an essential role in our work. It will often be convenient to choose cylindrical 
coordinates (see Figure 1.2 on page 18) (x,n) : Y° — » (— oo,ln2) x 3M over a 
collar Y C M with a boundary defining function r : Y — > [0, 2) (see Section 1.6 for 
details and notation). When using these coordinates, we view the interior M° as a 
manifold with cylindrical ends, and have in this picture M° = (— oo, 0] x 3M U 9 m 
M 1 . All explicit calculations will be done in cylindrical coordinates as explained 
in the previous sections. 

Let E be a smooth hermitian vector bundle over M. Whenever convenient, 
we will tacitly identify elements of r°°((— oo,0] x 3M;E), the sections of E over 
(—oo,0] x 3M, with r°° (3M; E| 9M )-valued smooth functions on (—00,0], i.e. ele- 
ments of C°°((— oo, 0], r°°(3M; E| 9M )), in the obvious way; cf. Section 1.8. Accord- 
ingly, we define for u G f^S ((— oo, 0] x 3M; E) the Fourier transform in the cylinder 
variable, u\(A) e r°°(3M; E| 9E ), by 



u(A,p) := 



e- ixA u(x,p)dx. (2.1) 



Now assume that A e b ¥ °°(M.;E) is a smoothing b-pseudodifferential op- 
erator. In general, A is not trace class in the usual sense. However, since A 
has a smooth Schwartz kernel it is locally trace class, in the sense that i|>Acp is 
trace class for any pair of smooth functions it>, <p : M — > K having compact 



2^ 
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support in M°. Using the notation from Section 1.8, let A be the operator in- 
duced on the cylinder (— oo, 0] x 3M. We define then an operator valued symbol 
A 9 (x,A) : r°°(E| aM ) -> r°°(E| 9M ) as follows: for v G r°°(E| 9M ) put 



(A a (x, A)v) (p) := ( e - ixA A(e iA ® v)) (x, p). 



(2.2) 



For v G r°°(E| aM ) we have (e iA ® v) A = 27t5 A ® v, hence for u G r~ t ((-oo, 0] 
3M; E) one then obtains 



(Au)(x,p) 



1 

2n 
1 

2n 



e ixA (Aa(x,A)u(A,-))(p)dA = 



,i(x— *)A. 



Aa (x, A)u(x, — )) (p) dx dA. 



(2.3) 



We note in passing that Aa(x, A) can also be constructed from the global symbol 
5 as Aa(x, A) = Op (a(x,A, — )) (cf. Sections 1.7 and 1.8). For the properties of a 
see [LOY05, Sec. 2.2] and Section 1.8. In the small b-calculus a(x, A, — ) and hence 
Aa (x, A) are entire in A while in the full b-calculus they are meromorphic [MEL93]. 
In any case one has 



A 3 (x,A) = 1(A) (A) + 0(e x ), x -> -oo, 



(2.4) 



with a family 1(A) (A), A G K, of classical pseudodifferential operators on 3M in 
the parameter dependent calculus; cf. e.g. [LMP09, Sec. 2.1] for a brief summary of 
the parameter dependent calculus. It turns out that the operator valued function 
A G R i— > 1(A) (A) is exactly the indicial family of A as defined in Section 1.9. The 
reason is that in terms of the global symbol a one has 1(A) (A) = Op (So (A, — )), 
where Ho (A, — ) is the first term in the asymptotic expansion of a with respect to 
X — » — oo. 

Denote by k(x,x), x,x > 0, the £(L 2 (3M;E|a;vi))-valued kernel of A. In terms 
of Aa (x, A) the kernel k(x, x) is given by 



k(x,x) 



1 

2n 



.,i(x— x) A 



Aa(x,A)dA. 



(2.5) 



Hence, as R — » oo one has in view of (2.4) 

Tr(A| {x >_ R) ) = 



= Tr(A IM ,) + 



Tra M (^(x,x)) dx 



= Tr(Ai 



M 1 



2n 



Tr 9M (Aa(x,A)-I(A)(A)) dAdx 



(2.6) 



1 

2n 



Tr aM (2:(A)(A)) dA + 0(e- R ), R -> oo. 



The finite part of this expansion is called the b-trace of A: 



b Tr(A) : =Tr(A |M ,) + ^ 



Tra M (A 9 (x,A) -X(A)(A)) dAdx. (2.7) 
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Hence 



Tr(A 



|{x>-R}J 

: b Tr(A) + R-!- 

Z7T 



Tr9 M (2:(A)(A))dA + 0(e- 



(2.8) 



Its name notwithstanding, the b-trace is not a trace. One has, however, the follow- 
ing crucial formula. 

Proposition 2.1 ([MEL93, Prop. 5.9], [LOY05, Thm. 2.5]). Assume that A e 
b ¥™ (M;E) and K e bl F cl 00 (Ivi; E). Then 



b Tr(AK - KA) = — 
2m 



Tr 



3M 



/ dZ(A)(A) 
^ dA 



X(K)(A) ) dA. 



(2.9) 



PROOF in a SPECIAL CASE. It is instructive to prove this in the special case 
that A is a Dirac operator D. We will see in Section 2.4 below that on the cylinder 
D takes the form D = V-^ + D 9 and thatI(D)(A) = iVX + D s . 

After choosing cut-off functions w.l.o.g. we may assume that K is supported 
in the interior of the cylinder and given by 



(Ku)(x) = -L 

27T 
1 

~ 2tt 



-,ixA 



k(x,A)H(A)dA 



(2.10) 



e i(x - y)A k(x,A)u(y)dudA 



with an operator valued symbol k(x, A). Then 

1 roo 



(DKu)(x) 



2tt 



+ 



1 

2rt 



e" A (iAr + D 3 )k(x,A)u(A)dA 



e lxA r3 x k(x,A)il(A)dA. 



(2.11) 



Furthermore, since (Du) A = (iFA + Dajftwe have 
(KD)u(x) = 4; 

Consequently 



k(x,A)(iAr + D 9 )u(A)dA. 



1 r°° 

Tr aM ((DK-KD)(x,x)) =— Tr 3M (r9 x k(x, A))dA, 



(2.12) 



(2.13) 



and hence, since by assumption K is supported in (— oo, 0) x 3M and taking (2.4) 
into account, we find 

(2.14) 



Tr SM ((DK-KD)(x,x))dx = 
Tr 9M 



R->oo —1 

2ni 



2tt_ 

dX(D)(A) 
dA 



TraM (rk(— R, A))dA 
T(K,A))dA. 



□ 



Eq. (2.8) immediately entails the following result. 



Corollary 2.2. Let A e ^^(M; E) be a classical b-pseudodifferential operator of order 
m < dim M. If the indicial family 1{ A) vanishes, then A is trace class, and 

Tr(A) = b Tr(A). 
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2.2. The relative McKean-Singer formula and the APS Index Theorem 

In the introduction to [MEL93], the author explained in detail his elegant ap- 
proach to the APS index theorem, based on the b-calculus. The relative cohomol- 
ogy point of view allows to make this approach even more appealing. Indeed, we 
will show that the APS index can be obtained as the pairing between a natural rel- 
ative cyclic 0-cocycle, one of whose components is the b-trace, and a relative cyclic 
0-cycle constructed out of the heat kernel. This pairing leads in fact to a relative 
version of the McKean-Singer formula. 

We start, a bit more abstractly, by considering an exact sequence of algebras 

— )J — )A^B — > 0; (2.15) 

A, B are assumed to be unital, cr is assumed to be a unital homomorphism. Let t 
be a hypertrace on J, i.e. t satisfies 

t(xq) = t(clx) for a G A, x e J. (2.16) 

Let t : A — > C be a linear extension (regularization) of t to A, which is not assumed 
to be tracial. Nevertheless, x induces a cyclic 1-cocycle on B as follows: 

H(ff(ao), <r(ai )) := r{[a , a,]). (2.17) 

Because of Eq. (2.16), |x does indeed depend only on c(ao), c(ai ). Moreover, the 
pair (t, u.) is a relative cyclic cocycle. Namely, in the notation of (1.5), Eq. (2.17) 
translates into b(f , u.) = 0. 

The relevant example for this paper is the exact sequence 

— > b ^ te °°(M;E) — > b ^~°°(M;E) + S — ► 0, (2.18) 

where M is a compact manifold with boundary equipped with an exact b-metric. 
The operator trace Tr on b H / tr °°(M; E) = KerZ satisfies (2.16), and the b-trace b Tr 
provides its linear extension to b W °° ( M; E ) + . 

The indicial map 1 realizes the quotient algebra 

§ = b ^ TO (M;E) + /%°°(M;E) 

as a subalgebra of the unitalized algebra S (M, m^ 00 ( 3 M; E ) ) + of Schwartz functions 
with values in the smoothing operators W ~°° (3M; E) on the boundary. That S does 
not equal S (M, ( 3 M; E ) ) + (which would be nicer and more intuitive here) has 
to do with the fine print of the definition of the b-calculus which requires e.g. 
the analyticity of the indicial family. For our discussion here these details are not 
relevant and hence we will not elaborate further on them. 

Going back to the abstract sequence (2.15) assume now that the algebra A is 
represented as bounded operators on some Hilbert space H and that J C -C 1 {%) 
consists of trace class operators. Let D be a self-adjoint unbounded operator affili- 
ated with A, i.e. bounded continuous functions of D belong to A. Furthermore, we 
assume that we are in a graded (even) situation and denote the grading operator 
by a. Finally we assume that D is a Fredholm operator and that the orthogonal 
projection P Ke r d € J- 

We note that in the case of a Dirac operator D on the b-manif old M it is well- 
known that D is Fredholm if and only if the tangential operator Ds (see Section 2.4 
and Eq. (3.30) below) is invertible. 
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Define 

A (t) := aDe-i tD \ (2.19) 



At (t) := 



De (i-s)D 2 ds _ (2 2()) 



Since D is affiliated with A, Aj (t) e .4 f or t > and j = 1 , 2. 

2.2.1. Case 1: e~ tE)2 e J", for t > 0. Under this assumption Aj (t) G J", for 
t > 0. Moreover, e- tD2 e C§(J"] = C (J)/((1 - A)C (J)) defines naturally a class 

Lemma 2.3. T/ze cZass of ae _t ° 2 in H A (J) equals that of aPxerD- Iw particular, it is 
independent oft. 

PROOF. We calculate 



b(A ® AO = 2a 



D z e~ su ds 
t (2.21) 



= 2afe- tD " -P 



2 

"Ker D I > 



proving that ae 1 and aPKer d are homologous. □ 

As an immediate corollary one recovers the classical McKean-Singer formula. 
Indeed, since the trace x defines a class in H° [J] one finds 

IndD = Tr(aP Ke rD) = (x, aP Ke rD> = (x, ae- tD2 ) = Tr(ae- to2 ). (2.22) 

2.2.2. Case 2: The general case. The heat operator e~ tD gives a class in 
Hq(_4). The pairing of e~ tE)2 with x cannot be expected to be independent of t 
since x is not a trace. It is however a component of the relative cyclic 0-cocycle 
(t, Therefore, we are led to construct a relative cyclic homology class from 
e~ tD . By Eq. (1.8) the relative cyclic complex is given by 

CtU,B):=C^)©C^(B), i: =(Z _° b V ( 2 - 23 ) 



From (2.21) we infer 



(j(ae- tD2 ) = a(ae- tD2 -aP Ke r D ) = ? b(a(A ) ® a(Ai )), (2.24) 



hence 

= 0, (2.25) 



-Icj(Ao) ® ff(A! 



i.e. the pair EXP t (D) := (ae tD , — ^cr(Ao) ® cr(Ai )) is a relative cyclic homology 



2 

class. Furthermore, since 



lA ® At\_ /a(e- tD -P Ke rD 
/ _ V-la(Ao) ® cr(Ai 



(2.26) 



the class of EXP t (D) in H A („4, B) equals that of the pair (aPKerD,0) which, via 
excision, corresponds to the class of aPi<erD € HPo(J'). We have thus proved the 
following result. 
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Lemma 2.4. The class of the pair (cte tD2 , — jff(Ao) ® ff(Ai )) in HCq{A,B) equals 
that o/(aPKerD> 0). In particular, it is independent oft. 

Pairing with the relative 0-cocycle (t, \i) we now obtain the following relative 
version of the McKean-Singer formula: 

IndD =Tr(aP KerD ) = ([% fi), (ae- tD \ -^cx(A ) ® a[A^ ))) 



tote 



-jH(ff(Ao),ff(Ai)] 
1 



(2.27) 



= T(ae- tu )--t([A ,A 1 ]). 



Once known, this identity can also be derived quite directly. Indeed, since 
[A ,A,] =2aJ^°D 2 e- sD2 ds, 



xfae- tD 



-t([A ,Ai]) =T(ae 



T a 



D 2 e- sD ds) 



tote 



t ds 



-t oce 



ds 



(2.28) 



lim r(ae sD 

s— >oo 



Let us show that in the case of the Dirac operator on a b-manifold the second 
summand is nothing but the n -invariant of the tangential operator. Indeed, in a 
collar of the boundary D takes the form 



D 





+ A 

dx 



=:r— + D 9 , D 9 = 
dx 



A 
A 



Hence, one calculates using Proposition 2.1 
1 



-H(X(A ,A),I(Ai,A)) 

Tr 9M ( Ti ^(Ai > Ajj dA 



47ti 
-1 

An _ 
-1 

1 



dA 



Tr 3 M(ar 



oo 
oo 



1 



:Tr 



3M I 



(iAP+ D 9 )e 



-A 
-A 



-s(Di+A 2 ) ds)dA 



(2.29) 



-sA z 



t Vs 

■GO 1 1 

-Tr 9M fAe- sA2N 



Ids 



t \/s 



Thus if D is Fredholm we have for each t > 



ds =: -r| t (A). 



1 



(2.30) 



IndD = b Tr(ae- tD ) - ^tu(A), 
and taking the limit as t \ gives the APS index theorem in the b-setting. 

2.3. A formula for the b-trace 

In this section we give an explicit formula for the b-trace, based on an obser- 
vation of Loya [LOY05], which provides a convenient tool for subsequent compu- 
tations. 
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We first briefly review the Hadamard partie finie integral in the special case of 
b-functions. Let f e b C°°((— oo, 0]). From the asymptotic expansion (see Eq. (1.41)) 



f(x) 



i— oo fo 



fTc* 



f7e 2x + .... 



we infer 



f(x]dx = f^ R + c + 0(e 



R -> -oo. 



(2.31) 



(2.32) 



The partie finie integral of f is then defined to be the constant term in the asymptotic 
expansion (2.32), i.e. 



f(x)dx=: fo R + Pf 



f(x)dx+ 0(e 



R — > —oo. 



(2.33) 



The definition of the partie finie integral has an obvious extension to b-functions 
on manifolds with cylindrical ends (see Section 1.6). Because of its importance, we 
single it out as a definition-proposition. 

Definition and Proposition 2.5. Let M° be a riemannian manifold with cylindrical 
ends and M the (up to diffeomorphism) unique compact manifold with boundary having 
M° as its interior. For a function f G b C°°(M°) one has 



x>-R 



f dvol =: c log R 



f dvol+ Ofe 



as R 



b M 



This means that J bM f dvol is the finite part in the asymptotic expansion of J X> _ R f dvol 
as R — > oo. More generally, if w € b n m (M) is a (top degree) b-diff erential form, i.e. a 
form whose coefficients are in b C°°(M ), then J" b w is defined accordingly as the finite 
part of J X> _ R uj as R — > oo. 

In local coordinates y i , . . . , y n on 9 M, b-diff erential p-f orms are sums of 
terms of the form 



a) = f(x,u)dx A dy tl A...Adu ip _, + g(x,u)duj, A...Ady jp , 



(2.34) 



where 1 < ii < . . . < i p _i < n, 1 < j^ < . . . < j p < n and f, g are b-smooth 
functions. Putting i*w := (u)duj, A ... A duj p (cf. (2.32)) extends to a pullback 
l* : b O p (M) —> £1 P (3M). It is easy to see that Stokes' Theorem holds for J„ M and 



duo 



(2.35) 



SM 



For a b-pseudodiff erential operator A € b W*(M;E) of order < — dimM the 
b-trace is nothing but the partie finie integral of its kernel over the diagonal: 



'Tr(A) = 



tr p (K A (p,p))dvol(p), 



(2.36) 



where now K a ( ■ , ■ ) denotes the Schwartz kernel of A and tr p denotes the fiber trace 
on E p . 

Next we mention a useful formula for the partie finie integral in terms of a 
convergent integral. By Eq. (1.42), the asymptotic expansion (2.31) may be differ- 
entiated, hence 3 x f = 0(e x ), x — » — oo, is integrable and thus integration by parts 
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yields 



f(x)dx = Rf(-R) - 



x3 x f (x)dx 



x3 x f(x)dx + 0(Re~ 



(2.37) 



R — > — oo. 



Hence 



Pf 



f(x)dx = 



x3 x f(x)dx, 



(2.38) 



where the integrand on the right hand side is summable in the Lebesgue sense. 

Using the tools from the previous paragraphs, we can now prove the following 
theorem about the representation of the b-trace as a trace of certain trace class 
operators. 

Proposition 2.6. Let M be a compact manifold with boundary and an exact b-metric 
g b . Fix a collar (r,T|) : Y — > [0,2) x 9M of the boundary 3M as described in Sec- 
tion 1.6, and let (x,r\) : Y 1 — > (— oo, 0] x 3M denote the corresponding diffeomor- 
phism onto the cylinder {— oo, 0] x 3M. Assume that A e b W cl (M;E) is a classical 
b-pseudodifferential operator of order < — dim M, and that its kernel is supported within 
the cylinder (— oo, 0) x 3M. Then x [•-£-, A] is trace class and one has 



b Tr(A) 



Tr 



(-oo,0)x3M 



x— tr 
dx 



x,q 



^K A (x,q;x,q)) dvol(x,q), 



(2.39) 



where Ka denotes the Schwartz kernel of A. 



PROOF. The condition on the support of A is necessary since the operators x 
and 4jj are only defined on the cylinder. However, Proposition 2.6 can be extended 



to arbitrary A e bl f^ dim M (M; E) in a straightforward way: choose a pair of cut- 
off functions cp,i|} € C°°(M) with support within the cylinder (— oo, 0) x 3M and 
such that cp(x) = 1 for x < —2, cp(x) = 0, for x > —3/2, ^(x) = 1 for x < — 1 
and *4>(x) = for x > —1/2- Finally, choose a cut-off function x £ C C °°(M \ 3M) 
with compact support and x0 — <p) = 1 — <P- The definition of the b-trace then 
immediately shows that 



3 Tr(cpA) = b Tr(tl)cpA) = h Tr{q)A\\>) 



and hence 

b Tr(A) = b Tr(cpAtJ)) + Tr((1 - cp)A X ) = 

= -Tr(x[A )(p Ai|;])+Tr((1 - <p)A X ). 
dx 

The fact that x[^, A] is trace class follows by Prop. 2.2, since the indicial family of 
the commutator A] vanishes. We provide two variants of proof for (2.39). 
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1st Variant. From equations (2.36) and (2.38) we infer 



D Tr(A) 



b (-oo,0)x3M 



tr x>q (K A (x, q;x, q))dvol(x, q) 



(-oo,0)x3M 



x— tr X)C| (K A (x, q;x, q))dvol(x, q). 



(2.40) 



This proves the second line of (2.39). The first line follows, since the kernel of 
^7> A ] is given by K A ](x,p;y, q) = 9 x K A (x,p;y, q) + 3 y K A (x,p;u, q) which 
forx — y equals ^K A (x,p;x,p), cf. Eq. (2.38). 

2nd Variant. For 5Hz > the operator e zx A is trace class and the function 

z i-> Tr(e zx A) (2.41) 

is holomorphic for 5Hz > and it extends meromorphically to 9tz > —1, is a 
simple pole and the residue at equals b Tr(A) (cf. [LOY05]). Hence 



b Tr(A) = — zTr(e zx A) 
dz 



dz 



-^Tr [-^,e zx ]A 



dx' 



dz 



— Tr [— ,e zx A] -e zx [— ,A 



dx 



dx 



(2.42) 



z=0 



= -Tr(x|-,A|), 



since for 5Hz > the trace of the commutator Tr( e zx A] ), thanks to the decay of 
e zx , does vanish. The last claim follows as above. □ 



2.4. b-Clifford modules and b-Dirac operators 

Let M be a compact manifold with boundary r : Y — * [0, 2) a boundary defin- 
ing function, and g b an exact b-metric on M, cf. Section 1.6. If an object is de- 
rived from a b-metric we indicate this notationally by giving it a b-decoration. 
This applies in particular to the various structures derived from the riemann- 
ian metric gb as described in Section 1.4, e.g. the (co)tangent bundles b TM, b T*M, 
the Levi-Civita b-connection b V belonging to gb, the bundle of Clifford algebras 
b C£(M) := C£( b T* M), and the b-Clifford superconnection b A on a degree q b-Clifford 
module W over M. For a discussion of b C°°(M°) vs. C°°(Ivl) we refer to Section 
1.6. 

In the remainder of this article, we assume that a b-Clifford superconnection 
is always of product form near the boundary. This means that over Y s for some s 
with < s < 2 the superconnection has the form 

b A| Y s =TfV 3 +r|*cu 3 A 

where r| : Y — > 3M is the boundary projection from Section 1.6, V 9 is a metric 
connection on the restricted bundle W|g M and cu 9 G CI' (9M;End (W|g M )). Re- 
call that the pull-back co variant derivative (n*V 9 ) on W| Y is uniquely defined by 
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v 'V?£,, ifV = Vori for some Ve r°°(3M;T9M). 



requiring for £, E r°°(Y; W) that 

Note that the b-metric on M and the metric structure on W give rise to the 
Hilbert space % — L 2 ( M; W) of square integrable sections of the b-Cliff ord mod- 
ule. By assumption, C£ q acts on L 2 (M; W), hence by Eq. (1.26) one obtains a super- 
trace Str q : £~ £ (L 2 (M; W)) — > C. Similarly the b-trace gives rise to a b-supertrace 

b Str q : b < a d ; mM (M;W)^C, 

b Str q (K) := (47t)- £ i /2 b Tr(aEi • ... • E q K). 

Here, b ¥* 1>a (M; W) denotes the space of classical b-pseudodifferential operators 
which lie in the supercommutant of C£ q in H, cf. (1.25) supra. 

Next consider the natural embedding T*3M «-» b T* aM M. By the univer- 
sal property of Clifford algebras one obtains an embedding of Clifford bundles 
a(9M) m b «( b T*g M M). Moreover, the decomposition b T*g M M = T*M© M • r-^ 

induced by g b even gives rise to a splitting b C£( b T* SM M) — > C£(3M). Let now 
W — > M be a degree q b-Clifford module over M. Then C£(3M) acts on W| aM 
via the embedding C£(3M) <-> b C£( b T | * aM M). We denote the resulting left ac- 
tion of the boundary Clifford bundle on W| SM again by c. Moreover, the action 
W|g M (g) Ci q — > W| aM extends to a right action c r a : W !SM ® C£ q+ i -> W| aM by 
putting 

Ej = eg (w, e 3 - ) := forwe W P'P e 9M '^ = V" ,q, {2M) 

' ' 1-^(^1 w), forwe W p ,pe 3M,j = q + 1, 

cf. the beginning of Section 1.4. It is now easy to check that W| SM together with c 
and Cg as Clifford actions becomes a degree q + 1 Clifford-module over 3M. 
Now we have the ingredients for the b-supertrace of a supercommutator: 

Proposition 2.7 ([Get93a, Cor. 5.5]). Let D be a Dime operator on a q-graded b- 
Clifford bundle W, and Ke%„,( M ;W). OndMputL^ := -c l {^) = -c^dx). 
Then 

i r°° 

b Str q ([D,K] Z2 ) =-= Str q+1>aM (X(K,A))dA. (2.45) 

V 71 J-oo 

We do not claim here that I(K, A) commutes with V in the graded sense. This 
is not necessary for the definition of Str q+ i ^m- 

Remark 2.8. Another consequence of the previous considerations which we single 
out for future reference is the structure of a Dirac operator on a cylinder R x 3M 
(cf. (1.40)). Since all structures are product, D takes the form 

D = c(dx)^- + D a =:rf^-+A). (2.46) 
dx V dx / 

Here V = c(dx) is Clifford multiplication by the normal vector and Da := VA is 
the tangential operator. Da is a Dirac operator on the boundary. Moreover, one has 
the relations 

r = -r, r 2 = -i, a 1 = a, rA + Ar = rD 3 + D 3 r = o. (2.47) 



2.5. THE B-JLO COCHAIN 
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Now let u be a section of the Clifford bundle W over the cylinder KxM, Then 

(2.48) 



(Du)(x,p)= — 



(c(dx)A + D a)e ixA u(A,p)dA = 
v dx ' 



— oo 
■ oo 

ixA 



e ixA (ic(dx)A+D 9 )u(A,p)dA. 



1 

~2tt 

By Eqs. (2.3) and (2.4) this proves the following: 

Proposition 2.9. Let M be a compact manifold with boundary and let g h be an exact 
b-metric on M. Furthermore, let D be a Dirac operator on M. Then the indicial family of 
D is given byl{D)[X) = iAc(dx) + D 9 . 

2.5. The b-JLO cochain 

The degree q Clifford module approach outlined in Section 1.4 has advantages 
when dealing with manifolds with boundary because the formulae for the JLO- 
cocycle and its transgression (cf. (2.52), (2.53) below) become simpler. To make the 
connection to the standard even and odd Chern character without Clifford action, 
from now on we will also consider ungraded Clifford modules without auxiliary 
Clifford right action. Therefore we assume that either 

• we are in the graded case with q Clifford matrices E] , . . . , E q where D is 
odd, and Str q denotes the Clifford trace defined in Section 1.4, 

or 

• we are in the ungraded case, when there are no Clifford matrices and no 
grading operator; this case can be conveniently dealt with by putting q = 
—1 (which is odd!), a = 1 and Str q := Tr = Tr(a-). 

From now on, we assume that D t , t € (0, oo), is a family of self-adjoint differ- 
ential operators of the form D t = f(t)D with D the Dirac operator of a q-graded 
b-Clifford module W over the b-manifold M (q > —1 according to the previous 
explanation) with b-Clifford superconnection (W, b A) and f : (0, oo) -^la smooth 
function. D t are Dirac type operators in the sense of [TAY96]. 

Following Getzler [Get93a, Sec. 6], we define for A , • • • , A k e (M, W) 
(cf. Subsection 1.4.1) 



b (A ,--- ,A 



WD, 



b Str q (A e- 1700 * • • • A k e^" ' )dcr 



A k (2.49) 
= b Str q ((A ,...,A k ) Dt ). 

Put for a ,...,a k G C°°[M) 

b Ch k (D)(a 0) • •• , aic) := b (a , [D, a,], •••,[□, a k ]), (2.50) 
b &f(D,V)(a or -- ,a k ) := 
Y_ (-iP^^^aojD,^],--- ,[D,aj],V,[D,a j+1 ],--- JD.aJ). (Z51) 

0<j<k 

The operation b ^h will mostly be used with V = D t as a second argument. 
Here D t is considered of odd degree regardless of the value of q. 

Remark 2.10. For q = 0, k even resp. q = -1, k odd b Ch k (D), b ^h k (D, D) are the 
b-analogues of the even and odd JLO Chern character and its transgression. 
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The following result is crucial for this paper. It is essentially due to Getzler 
[GET93A, Thm. 6.2], although the following version is not stated explicitly in his 
paper. 

Theorem 2.11. For q > we have the following two equations for b Ch*(D) and 
Vh(D,D): 

b b Ch k_1 (D t ) + B b Ch k+1 (D t ) = Ch k (D a>t ) o t*, (2.52) 

£ b Ch k (D t ) + bVh 1 ^ 1 (D t , D t ) + BVh k+1 (D t , D t ) = - ch k (D 9 , t) D 9it ) o i*. 

(2.53) 

These formulae will be repeatedly used in Section 4.2 and thereafter. For nota- 
tional convenience we will omit the symbol oi* whenever the context makes clear 
that this composition is required. 

The theorem can be derived from [GET93A, Thm. 6.2] by introducing the form 
valued expression 



b ((A ,--- ,A k >: 



At 



b Str q (A e-°° (i dD < +D * 1 • • ■ A k (i dD ' +D < 5 ) da, (2.54) 



and the combined Chern character Ch* , defined as 

Chp [D t )(ao, ■ ■ ■ , av,] 

G h ao,--- ,a k eC°°(M). (2.55) 

:= b ((ao,[D t ,ai],-- - JD t ,a k ])), 

For this, Getzler proves 

(-id + b + B)Ch£(D t )=Ch^Da it )oi*. (2.56) 

Remark 2.12. Note that in this paper we use self-adjoint Dirac operators while 
Getzler uses skew-adjoint ones in [GET93A]. Accordingly, our Dirac operators 
differ by a factor — i from the Dirac operators in [GET93A]. This explains the ap- 
pearance of such i-factors in our formulae , which are not present in [GET93A]. 

By carefully tracing all the signs and i-factors involved in the graded form 
valued Clifford calculus, as well as due to the various conventions, it turns out 
that separating (2.56) into its scalar and 1-form parts, using [GET93A, Lem. 2.5] 

b ((A ,--- ,A k » = 

J 1 k (2-57) 
= b (A ,-.. ,A k )-iY_ b (A ,--- ,A j ,dtAD t) A j+1) ... ,A k ), 

j=0 

one obtains Eqs. (2.52) and (2.53). 

However, for completeness, we will give a more direct argument in Section 
2.7, without using operator valued forms. The proof below follows the lines of 
the standard proof for the JLO-cocycle representing the Chern character of a 0- 
summable Fredholm module {cf. [JLO88], [GeSz89]). 

2.6. Cocycle and transgression formulae for the even/odd b-Chern character 

(without Clifford covariance) 

Recall from Remark 2.10 that for q = and k even resp. q = — 1 and k odd 
b Ch* (D) is the b-analogue of the even, resp. odd, JLO Chern character. We shall 
relate the ungraded (q = — 1 ) case to the graded case with q = 1 . 
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Starting with an ungraded Dirac operator D t acting on the Hilbert space H, 

put 

H:=H($H, oc:=(l °X D t := °A . (2.58) 



Ei := [ ° I) • (2-59) 



Then D t is odd with respect to the grading operator cc and it anti commutes with 

3 1 
v 1 
Note that 

D t = aE, (D t ® I 2 ) (2.60) 
with I2 being the 2x2 identity matrix. 

Proposition 2.13. Let D t be ungraded (q = —1) and let D t = cxEi (D t ® I 2 ) be f/ze 
associated ~\-graded (q = 1) operator. Then for k odd 



b Ch k (D t ) = -L b Ch k (D t ), 
V 71 

b (fli 1c_1 (D, D t ) = -LVh k_1 (D t ,D t ). 

Needless to say that these f ormulae are valid as well for Ch* and ^h* . 
PROOF. Using Proposition 2.7 we find for k odd: 
b (a , [D t , ai],.. ., [D t , a k ])g t 

= b ((aE! ) k a , [D t ® I 2 , ai], . . . , [D t ® I 2 , a k ]) Dt ®i 2 



(2.61) 




. [D t ak]e- ff * u t ® I 2 ) (2.62) 



b, 



a , [D t , ai], . . . , [D t , a k ]) Dt . 



v 71 

The calculation for b ^h (D t , D t ) is completely analogous. □ 

Now we are ready to translate (2.52) and (2.53) into formulae for the standard 
even and odd Chern character without Clifford action. 

2.6.1. q = 0. A priori we are in the standard even situation without Clifford 
right action. However, Da is viewed as C£] covariant with respect to the Clifford 
action given by Ei = — T. On the boundary, V gives a natural identification of the 
even and odd half spinor bundle and with respect to the splitting into half spinor 
bundles D takes the form: 



D 




(2.63) 



A is an ungraded Dirac type operator acting on the positive half spinor bundle (it 
is the operator whose positive spectral projection gives the APS boundary condi- 
tion). In the notation of Eq. (2.58), we have Dg = A, Ei = — P. Thus, Proposition 
2.13 and Theorem 2.11 give the following result. 
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Proposition 2.14. Let M be an even dimensional compact manifold with boundary with 
an exact b-metric and let D t = f(t)D be as before. Writing D in a collar of the boundary 
(in cylindrical coordinates) in the form 

A is an ungraded Dirac type operator acting on the positive half spinor bundle restricted 
to the boundary. Furthermore we have with A t = f (t)A 

b b Ch k_1 (D t ) + B b Ch k+1 (D t ) = — Ch k (A t ) o i* , (2.65) 

A b Ch k (D t ) + b b ^h k_1 (D t , D t ) + B b ^h k+1 (D t , D t ) 

i (2-66) 
= -^h k (A t ,A t )oi\ 

2.6.2. q = -1 . Now let D be ungraded and put D, cc, Ei as in Eqs. (2.58), (2.59), 
(2.60). Then by Proposition 2.13 we have 

b Ch k (D t )(Q 0) ...,a k ) b Ch k (D t )(ao,...,a k ), (2.67) 

Vh k (D t , D t )(a , . . . , a k ) = ^ Vh k (D t , D t )(a 0) . . . , a k ). (2.68) 

In the collar of the boundary, we write as usual D = V-^ + Da, and thus 

= :f 



Da is 2-graded with respect to 



o i\ ~ / o -r 



, oy , ^=-r=^_ p fl ). (2.70) 
Note that 

aPiE 2 = -r® I 2 , Da =aEi(D 3 <8>I 2 ). (2.71) 

For even k we have 

Str 2 (a e- <ToD ^ 2 [D^t, a,] • . . . • [D^t, aje-^ ^ 2 ) 

=^Tr(aE 1 E 2 (aE 1 ) k (aoe- tToD ^'[Da,t,ai] ■ ... • [D 8>t , a k ]r fftD M) ® I 2 ) (2.72) 

= - ^ Tr(ra e-°° D l< [D s ,t, ai] • . . . • [D a , t , a^e-^.*). 
With respect to the grading given by —if we can now write 

^Tr(r) = -IrStro. (2.73) 
In 2m 

Together with (2.67) and (2.68) we have thus proved: 
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Proposition 2.15. Let M be an odd dimensional compact manifold with boundary with 
an exact b-metric and let D be an ungraded Dirac operator. Writing D in a collar of the 
boundary (in cylindrical coordinates) in the form 

D=:rA + D s , (2.74) 
dx 

Da is a graded Dirac type operator with respect to the grading operator —if. Furthermore, 
we have 

b b Ch k_1 (D t ] + B b Ch k+1 (D t ) = — — Ch k (D 9 ) o i*, (2.75) 

20x1 



b Ch k (D t ) + bVh k 1 (D t , D t ) + BVh k+1 (D t , i 

at 



' ^h k (D t s ,D t 9 )oi*. 



(2.76) 



2^/m 

2.7. Sketch of Proof of Theorem 2.11 



Recall that Theorem 2.11 is stated for q > 0, hence in this section all Dirac 
operators will be q-graded with q > 0. 

Proposition 2.16. Let Ao, . . . , A k e b ^ci,« q (M; W). Assume that for all but one index 
jo the indicial family is independent of A and commutes with the actions of Ei , . . . , E q 
and E q+ i = — V (cf. Section 1.4). For the possible exception jo we assume that Aj is 
proportional to D t . Then 

b (A 0) ...,A k ) = (-l) eb <A k ,A 0) ...,A k _ 1 ), (2.77) 

where e = |A k |(|A | + . . . + |A k _i |). 

k 

b (A , . . . , A k > = Y_ b (A , . . • , A j5 1 , Aj+i , . . . , AO 

] l° (2.78) 
= ^(-l)^ b (l,A j) ...,A k ,A 0) ...,A j _ 1 ), 

j=0 

where z ] = (|A | + . . . + |A,_i |)(|Aj| + . . . + |A k |). 
For j < k 

b (A 0) ...,Aj_ 1) [D 2 ) A j ],A j+1 ,...,A k ) 

= b (A , . . . , Ai_ 2) A,-! A j5 Aj+i , . . . , AO (2.79) 
- b (A , . . . , A H1 , Aj Aj+i , A j+2 , . . . , A k ). 

Similarly, for j = k 

b <A 0) ...,A k _ 1) [D 2 ,A k ]) 

= b <A 0) ...,A k _ 2 ,A k _ 1 A k ) (2.80) 

|A k |(|A | + ... + |A k _,|)b 



_ H JIAkHIAol + .-.+IAwi I) B(AkAo) . . . , Ak _! ). 

Note that these formulae are the same as in Getzler-Szenes [GeSz89, Lemma 
2.2]. In particular there is no boundary term. The proof proceeds exactly as the 
proofs of [GET93A, Lemma 6.3] (1),(2), (4), and we omit the details. We only note 
that one has to make heavy use of the following lemma in order to show the van- 
ishing of certain terms: 
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Lemma 2.17 (Berezin Lemma). Let K G {%) fcf. Section 1.4). Then for ) < q 

Tr(ccE! • . . . • EjK) =0. 

PROOF. If ) + q is odd then moving a past E] • . . . • EjK and using the trace 
property gives 

Tr(aE! • ... • EjK) = -TrfE, • ... • EjKcc) 

= — Tr(ocEi • . . . • EjK) = 0. (2 ' 81) 

If j + q is even then, since j < q, E q anti commutes with ocE] • . . . • EjK and hence 
similarly 

Tr(aE! • . . . • E,-K) = — Tr(E q aEi • . . . • EjK) = Tr(E q aEi • . . . • EjKE q ) 

= Tr(E q aE! • . . . • EjK) = -Tr(aEi • . . . • EjK) = 0. □ 

We will make repeated use of the equations (2.77)-(2.80). Now we can proceed 
as for a 9-summable Fredholm module. Following [GBVF01, p. 451] we start 
with the supercommutator 

b Str q ([D t , aoe-^ ' [D t , Ql ] . .. [D t , aje-^jda, (2.82) 

A k 

with a , . . . , a k G b C°°(M°). As in [Get93a, bottom of p. 37] one shows, using 
Proposition 2.7 and the fact that e~ A dA = y/n, that this supercommutator 
equals 

(a ,a, [D t 9 , ai, a ], . . . , [D t 3 , a k , a ]) D a . (2.83) 

It is important to note that here we are in the case q + 1 , where the grading is the 
induced grading on the boundary and E q+ i = —V. 

For convenience we will write D instead of D t . Expanding the supercommu- 
tator (2.82) on the other hand gives 

b ([D,a ],...,[D,a k ]) 

k 

+ ^J-l)^ 1 Vo, [D, ai] ... , [D, a,-!], [D 2 , Qj ], . . . , [D, a k ]), 
j=i 

where we have used [D 2 ,aj] = [D, [D, cij]] z z . 

We can now calculate the effect of b and B on b Ch. 

B b Ch k+1 (D)(a ,...,a k ) 

k 

= ^J" 1 b 0> [°. a iJ> ■ ■ • > P. a k ], [D, a ], . . . , [D, a^]) 

j=0 
k 

= Y_ b ([ D . a ol, • . • , [D, aj-i], 1, [D, aj], . . . , [D, a k ]) 

j=0 

= b ([D,Q ],...,[D,a k ]), 

where we used (2.78) twice. Thus, the first summand in (2.84) equals 
B b Ch k+1 (D)(a ,...,a k ). 



(2.84) 



(2.85) 
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Furthermore, 



b b Ch K -'(D)(ao,...,a k 



b 



(2.86) 



a ai,[D, a 2 ],...,[D, aj) 

k-l 

+ Y_ H V b (a , • . . ,[D, a j a j+1 ], . . . , [D, a k ]) 

+ (-l) kb (a k Q 0) [D ) a 1 ],...,[D,a k _ 1 ]) 
= b (aoai,[D,a2],...,[D,aic]) 

- b (ao,ai[D,a 2 ],...,[D,a k ]) 

k-2 / 

+ Y. H Y Vo, [D > ai] > • • • ' [D ' a i ]a i+i , ■ • • , [D, a k ]) 

j=i V 

- b (a , . . . , [D, a,-], a 5 - + i [D, a j+2 ], . . . , [D, a k ])^ 

+ (-l) k - lb (ao,[D,a 1 ] ) ...,[D,a k _ 1 ]Q k ) 
+ (-1) kb (a k a ,[D,a 1 ],...,[D,a k _ 1 ]) 

k 

= ^(-l) 3 " 1 b (a , [D, ai], . . . , [D 2 , a,], .. ., [D, a k ]), 
j=l 

where we have used (2.79) and (2.80). The right hand side of (2.86) equals the sum 
in the second line of (2.84). 

Summing up (2.82), (2.83), (2.84), (2.85), and (2.86) we arrive at Eq. (2.52). 

For additional clarity, let us perform two direct checks, for small values of k. 
Case 1: k = 0. In this case (2.84) equals 

b ([D,a ]) = b (l,[D,ao]) =B b Ch 1 (D)(a ), (2.87) 
by (2.78) and we are done in this case. 

Case 2: k = 1. Then (2.84) equals 

b ([D, a ], [D, Ql ]) + b (a 0) [D 2 , ai ]>. (2.88) 

The first summand is B b Ch 2 (ao, ai ) and the second summand equals in view of 
(2.80) 

b (a a 1 )- b (aiao)=b b Ch (D)(a ,a 1 ). (2.89) 

2.7.1. The transgression formula. To prove the transgression formula we 
proceed analogously and start with the supercommutator 

k . 

^J-l V b Str q ([D t , a e-^ D * [D t , cn] . . . 

j =0 J A k + 1 

. . . [D t , ajje- 17 ) ' £)c- ff J +1 D * . . . [D t , a k ]e- ak +' D t])dff. (2.90) 
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We compute this supercommutator using Proposition 2.7. Note that by Propo- 
sition 2.9 Z(D t ,A) is proportional to iFA + D a . The summand il~A contributes a 
term proportional to §°° Ae~ A2 dA = 0. The remaining summand gives, since 



k 

T (-1 V (oo,a, [D t 9 , qi , a ], • ■ • , [D?, oj.b], Dt , • • • , [D?, a k , a ]) 

^5 ( 2 - 91 ) 

= ^h k (D 3 , D 3 )(a ,a, • . • , a k>9 ). 

Let us again emphasize that here we are in the case q + 1 , where the grading is the 
induced grading on the boundary and E q+ i = — V. 

Next we expand the commutator (2.90). However, we will confine ourselves 
to small k. The calculation is basically the same as in [GBVF01, p. 451]. The only 
difference is that on a closed manifold (2.90) is a priori while here it coincides 
with the transgressed Chern character on the boundary. 

Case 1: k = 0. (2.90) expands to 

b ([D t , q ], Dt]) + b (ao, [D t , DJ). (2.92) 

On the other hand 

BVh 1 (D t) DtMao) = Vh' (D t) D t )(l, a ) 



= b (1,b t ,[Dt,ao])- b (1,[D t ,ao],bt) 
= - b ([D t) a ],1,D t )- b ([D t) Q ],D t) l) 
= - b ([D t) Qo],D t ]), 



(2.93) 



by (2.78). Moreover using the well-known formula 
d 



_ e -°" D t 
dt 



e C<r-i)D t [Dt? Dt]e -sD t dS) (2 94) 



we have 



hence altogether 



-£- b Ch°(D t Ma ) =- b (a ,[D t ,D t ]), (2.95) 
dt 



- b Ch°(D t ) + BVh (D t) D t )=-<<h (D t a ,D t a ). (2.96) 
dt 

Case 2: k = 1 . To be on the safe side, we also look at an example in the odd 
case. We will again make repeated use of the formulae in Proposition 2.16 without 
further mentioning. Eq. (2.90) now expands to 

b ([D t , ck>], D t , [D t , Q1 ]) - b ([D t , a ], [D t) ai], D t ) 

+ b (a , [D t , D t ], [D t , a,}) + b (a , [D t , ai], [D t , D t ]) (2.97) 

- b (a , D t , [D^, - b (ao, [D?, a,], D t ). 
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On the other hand 

BVh 2 (D t) D t )(ao) = b /fli 2 (D t , D t )(1, a , m ) - Vh 2 (D t , D t )(1, a, , a ) 
= b <1, D t , [D t , a ], [D t , ai]) - b (1, [D t , a ], D t , [D t , Ql ]) 
+ b <1, [D t , a ], [D t , ai ], D t ) - b (1, D t) [D t , a,], [D t , a ]) 
+ b (1, [D t , ai ], D t , [D t , a ]) - b (1, [D t , [D t , a ], D t ) 

(Z.yo) 

= b ([D t , a ], [D t , m], 1 , D t ) + b ([D t , a ], 1 , [D t) a,], D t ) 
+ b ([D t , a ], [D t , D t , 1) - b ([D t , a ], D t , [D t , a,], 1) 
- b ([D t , a ], D t , 1, [D t , a,]) - b ([D t , a ], 1, D t , [D t , m]) 

= b ([D t , a ], [D t , D t ) - b ([D t , a ], D t , [D t , ml), 

which equals the negative of the first two summands of (2.97). 
Furthermore, 

b b (fh (D t ,D t )(Qo,Qi) = b ^h (D t ,Dt)([ao,a 1 ]) = b ([a , a,], D t ). (2.99) 
Applying (2.79) and (2.80) to the last two summands of (2.97) we find 
b (ao ) b t) [Df ) a 1 ]) + b (ao,[D2,a 1 ],D t ) 

= b (a ,D t a 1 ) - b (aia ,b t ) + b (a ai,D t ) - b (Q ,QiD t ) (2.100) 

= b (a , [D t , ai]) + b b ^h°(D t , DtXao, a, ), 

hence adding B b ^h 2 (D t , D t ](a , a, ) and b b ^h°(D t , D t )(a , ai ) to the right hand 
side of (2.97) we obtain 

^h 1 (D t 3 , D t 3 )(ao, 9 , ai, 3 ) + B b £h 2 (D t , D t )(a , m ) + b b ^h°(D t , D t )(a , m ) 

= - b (a , [b t , ai]) + b (a , [D t , D t ], [D t , ai]> + b (a , [D t , a,], [D t , D t ]) (2.101) 

= --^ b Ch 1 (D t )(ao,a 1 ) 
at 

in view of (2.94). 

With more effort but in a similar manner, the previous considerations can be 
extended to arbitrary k, thus proving Eq. (2.53). 



CHAPTER 3 



Heat Kernel and Resolvent Estimates 

This is the most technical chapter of the paper. It is devoted to prove some 
crucial estimates for the heat kernel of a b-Dirac operator. These estimates will be 
used to analyze the short and long time behavior of the Chern character. Through- 
out this chapter we will mostly work in the cylindrical context. 

For the convenience of the reader we start by summarizing some basic esti- 
mates for the resolvent and the heat operator associated to an elliptic operator. 
These estimates will then be applied in Section 3.2 to prove comparison results for 
the heat kernel and JLO integrand of a Dirac operator on a general manifold with 
cylindrical ends to those of a corresponding Dirac operator on the model cylinder. 
In the remainder of the Chapter we will then prove short and large time estimates 
for the b-Chern character. This is in preparation for proving heat kernel asymp- 
totics in the b-setting in Section 4.1. 

3.1. Basic resolvent and heat kernel estimates on general manifolds 

During the whole section M will be a riemannian manifold without boundary 
and D : r°°(M;W) — > r°°(M;W) will denote a first order formally self-adjoint 
elliptic differential operator acting between sections of the hermitian vector bun- 
dle W. We assume that there exists a self-adjoint extension, D, of Do- E.g. if M is 
complete and Do is of Dirac type then Do is essentially self-adjoint; if M is the inte- 
rior of a compact manifold with boundary then D can be obtained by imposing an 
appropriate boundary condition. For the following considerations it is irrelevant 
which self-adjoint extension is chosen. We just fix one. 

3.1.1. Resolvent estimates. We fix an open sector A := {z G C \ {0} | < e < 

argz < 2n— e}cC \ R+ in the complex plane. 

We introduce the following notation: for a function f : A — > C we write f (A) = 
O(|A| a+0 ), A — > oo, A e A if for every 5 > 0, A G A, there is a constant Cs,a such 
that |f(A)| < C 8 |A| a+6 for A G A, |A| > |A |. 

We write f(A) = 0(|Ar°°), A ^ oo, A G A if f(A) = 0(|A[- N ) for every N; the 
O-constant may depend on 1M . 

( M; W) denotes the Hilbert space of sections of W which are of Sobolev class 
s. The Sobolev norm of an element f G (M; W) is denoted by ||f || s . For a linear 
operator T : Lj(M;W) — > L^(M;W) its operator norm is denoted by ||T|| S)t . 

For an operator T in a Hilbert space T-L we denote by ||T|| p the p-th Schatten 
norm. To avoid confusions the letter p will not be used for Sobolev orders. Note 
that the operator norm of T in H coincides with ||T||oo. 
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Proposition 3.1. Let A,Be¥'(M, W) be pseudodifferential operators of order a, b with 
compact support. 1 

1. If k > (dim M)/4 + a/2 then A(D 2 - A)~ k , (D 2 - A)~ k A are Hilbert-Schmidt 
operators for A ^ spec D 2 and we have 

||A(D 2 -A)- k || 2 = o(|A| a/2+(dimM)/4 - k+0 ), asA->ooz'nA. (3.1) 

T/ze same estimate holds for || (D 2 — A) - k A|| 2- 

2. Z/k > (dim M + a + b)/2 f/zen A(D 2 - A)~ k B is of trace class for A £ spec D 2 

and 

j|A(D 2 -A)- k B|| 1 = o(|A| (dimM+Q+b)/2 - k+0 ), (isA^ooinA. (3.2) 

3. Denote by n-\ , 7t2 : M x M — > M f7te projection onto the first resp. second factor 
and assume that 7t2(supp A) n 7ti (supp B) = 0. Then A(D 2 — A)~ k B is a trace class 
operator for any k > 1 and 

||A(D 2 -A)- k B||! = 0(|Ar°°), asA->ooz'ttA. (3.3) 

PROOF. 1. Sobolev embedding and elliptic regularity implies that for 
f 6 L 2 (M;W) the section A(D 2 — A)~ k f is continuous. Moreover, for r > 
dim M/2, |A| > |Aol, and x in the compact set supp A =: K 

||(A(D 2 -A)- k f)( X )|| <C||(D 2 -A)- k f|| Q+r , K 

< C||(D 2 + I) (Q+r)/2 (D 2 -A)- k f|| (3.4) 

< ciAr k+(a+r)/2 nf||. 

For the Schwartz-kernel this implies the estimate 

sup ||A(D 2 -A)- k (x,y)|| 2 dvol(u) < C|Ar 2k+Q+r , (3.5) 

xGsupp A J M 

and since A has compact support, integration over x yields 

||A(D 2 -A)- k || 2 



< 



||A(D Z -A)- K (x,u)rdvol(x)dvol(y) (3.6) 

M 



J supp A . 

< ciAr 2k+Q+r , 

proving the estimate (3.1). The estimate for (D 2 — A)~ k A follows by taking the 
adjoint. 

2. The second claim follows from the first one using the Holder inequality. 

3. To prove the third claim we choose cut-off functions cp,il> € C£°(M) with 
cp = 1 on 7t2(supp A), il> = 1 on 7ti (supp B) and supp cp n suppip = 0. 

Then A(D 2 - A)~ k B = Acp(D 2 - A)- k i|;B and cp(D 2 - A)- k il> is a smoothing 
operator in the parameter dependent calculus (cf. Shubin [ShuOI, Chap. II]). Hence 
for any real numbers s, t, N we have 

||(p(D 2 -A)- k \p|| s , t < C(s,t,N) |Ar N , asA^ooinA. (3.7) 

Since the Sobolev orders s, t are arbitrary this implies the claim. □ 



1 This means that their Schwartz kernels are compactly supported in M x M. 
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Proposition 3.2. Let A e W a (M, W) fee a pseudodifferential operator with compact sup- 
port. 

1. Let cp e C°°(M) be a smooth function such that supp dcp z's compact, i.e. outside 
a compact set cp z's locally constant. Moreover suppose that supp cp n n-\ (supp A) = 0. 
Then cp(D 2 — A)~ k A is a trace class operator for any k > 1 and the estimate (3.3) holds 
for (p(D 2 -A)- k A. 

2. J/k > (dim M + a)/2 f/zen A(D 2 — A)~ k , (D 2 — A)~ k A are trace class operators 
and the estimate (3.2) holds with B = I. 

Proof. From 

(D 2 - A)cp(D 2 - A)~ k A = [D 2 , cp](D 2 - A)~ k A + cp(D 2 - A)~ k+1 A (3.8) 
we infer since cpA = 
cp(D 2 -Ar k A 

= fD 2_ A1 -i f[D 2 ,cp](D 2 -Ar k A, k = 1, (3-9) 

|[D 2 ,cp](D 2 -A)- k A + (p(D 2 -A)- k+1 A, k>1. 

Applying Proposition 3.1.3 to the right hand side we inductively obtain the first 
assertion. 

To prove the second assertion we choose a cut-off function cp e C£°(M) with 
cp = 1 on 7ti (supp A). Then we apply Proposition 3.1.2 to cp(D 2 — A)~ k A and the 
proved first assertion to (1 — cp)(D 2 — A)~ k A to reach the conclusion. □ 

For the following Proposition it is crucial that we are precise about domains 
of operators: 

Definition 3.3. By Diff d (M, W) we denote the space of differential operators of 
order d acting on the sections of W. Given a differential operator A e Diff a ( M, W) 
we say that the commutator [D 2 , A] has compact support if 

(1) A and A 1 map the domain dom(D k ) into the domain dom(D k ~ a ) for 
k > a and 

(2) the differential expression [D 2 , A] has compact support. 

The main example we have in mind is where D is a Dirac type operator on a 
complete manifold and A is multiplication by a smooth function cp such that dcp 
has compact support. Then [D 2 , cp] has compact support in the above sense. 

Proposition 3.4. Let A G Diff a (M, W) be a differential operator such that [D 2 , A] has 
compact support and is of order < a + 1 . Then for k > dim M + a the commutator 
[A, (D 2 — A)~ k ] is trace class and 

||[A,(D 2 -A)- k ]|| 1 =O(|A| (dimM+Q - 1)/2 - k+0 ), ssA->oomA. (3.10) 

PROOF. Note first that since A and A 1 map dom(D k ) into dom(D k ~ a ) the 
commutator [A, (D 2 — A)~ k ] is defined as a linear operator on L 2 (M;W) and we 
have the identity 

k 

A,(D 2 -A)- k ] =^(D 2 -A)-'[D 2 ,A](D 2 -A)- k+ '- 1 . (3.11) 
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FIGURE 3.1. Contour of integration for calculating e tD from 
the resolvent. 



Since k > dim M + a we have in each summand ) > (dim M + a + 1 )/2 or k — j + 
1 > (dim M + 1 + 1 )/2. Say in the first case we apply Proposition 3.2 to || (D — 
A)-' [D 2 , A] || ! and the Spectral Theorem to estimate || (D 2 - A)-^" 1 1| and find 

||(D 2 -A)-nD 2 ,A](D 2 -A)- k+i - 1 || 1 

< ||(D 2 -A)-'[D 2 ,A]|| 1 ||(D 2 -A)- k+ i- 1 || 00 

< O(|A| (dimM+Q+1)/2H+0 ) • OdAr^'- 1 ) 

= o(|A| (dimM+Q ~ 1)/2 ~ k+0 ) □ 

3.1.2. Heat kernel estimates. From Propositions 3.1, 3.2 we can derive short 
and large times estimates for the heat operator e~ tD . We write 



27ti 



2m 



e -tA (D 2_ A) -i dA 

(3.12) 

e~ tA (D 2 -X)-^d\ t 

y 

where integration is over the contour sketched in Figure 3.1. The notation 0(t a ~°), 
0(t°°) as t -> 0+ resp. 0(t a "°), 0(t~°°) as t -> oo is defined analogously to the 
corresponding notation for A G A in the previous Section. 
We infer from Propositions 3.1, 3.2 

Proposition 3.5. Let A, B e V (M, W) be pseudodifferential operators of order a, b with 
compact support. 

1. For t > the operators Ae~ tD , e~ tD A are trace class operators. For to, £ > 
there is a constant C(to,e) > such that for all 1 < p < oo we have the following 
estimate in the Schatten p-norm 

\\Ae- tDl \\ v <C{t ,e)t- a / 2 - dJ ^ y < t < t . (3.13) 

Note that C(to, e] is independent of 'p. The same estimate holds for ||e~ tD2 A\\ p . 
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FIGURE 3.2. Contour of integration if bottom of the essential 
spectrum of D 2 is c. 

2. Denote by n-\ , 7t2 : M x M —> M the projection onto the first resp. second factor 
and assume that -n^fsupp A) n 7ti (supp B) = 0. Then 

HAe-^Bll! =0(t°°), 0<t<t o , (3.14) 

with N arbitrarily large. 

3. Let cp e C°°(M) be a smooth function such that supp dtp is compact. Moreover 
suppose that supp (pdni (supp A) = 0. Then the estimate (3.14) also holds for cpe~ tD A. 

PROOF. 1. From Proposition 3.2 and the contour integral (3.12) we infer the 
inequality (3.13) for p = 1. For p = oo it follows from the Spectral Theorem. 
The Holder inequality implies the following interpolation inequality for Schatten 
norms 

||T|| p =Tr(|T|P) 1/p <||T||^ 1/p ||T||] /p , 1 < p < oo. (3.15) 
From this we infer (3.13). 

The remaining claims follow immediately from the contour integral (3.12) and 
the corresponding resolvent estimates. □ 

For the next result we assume additionally that D is a Fredholm operator and 
we denote by H the orthogonal projection onto Ker D. H is a finite rank smoothing 
operator. Let c := minspec ess D 2 be the bottom of the essential spectrum of D 2 . 
Then e~ tr>2 (I — H) = e~ tD2 — H can again be expressed in terms of a contour 
integral as in (3.12) where the contour is now depicted in Figure 3.2. 

This allows to make large time estimates. The result is as follows: 

Proposition 3.6. Assume that D is Fredholm and let A e 1 J /a (M, W) be a pseudodiffer- 
ential operator with compact support. Then for any < 6 < inf spec ess D 2 and any e > 
there is a constant C(6, e) such that for 1 < p < oo 

||Ae- tD2 (I-H)|| p <C(6, £ )t- Q/2 -'^e- t5 , < t < oo. (3.16) 

PROOF. For t — » 0+ the estimate follows from Proposition 3.5.1. 

For t — > oo and p = 1 the estimate follows from Proposition 3.1 and (3.12) 
by taking the contour as in Figure 3.2. For p = oo the estimate is a simple con- 
sequence of the Spectral Theorem. The general case then follows again from the 
interpolation inequality (3.15). □ 
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Finally we state the analogue of Proposition 3.4 for the heat kernel. 

Proposition 3.7. Let A e Diff a (M, W) be a differential operator such that [D 2 , A] has 
compact support (in the sense of Definition 3.3) and is of order < a + 1 . 

Then for t > the operator [A, e~ tD ] is of trace class. For to, £ > there is a 
constant C(to, e) such that for all 1 < p < oo we have the following estimate in the 
Schatten p-norm 

\\[A,e-^ 2 ]\\ v <C{t ,,)t- a / 2 -' mI ^, 0<t<t o ; (3.17) 

C(to, e) is independent ofj>. 

IfD is a Fredholm operator then for any < 6 < inf spec ess D 2 and any e > there 
is a constant C(6, e) such that for 1 < p < oo 

|| [A, e- tpi (I - H)][1p < C(6, e] t^ 2 - ^ V +c e~ ts , < t < oo. (3.18) 

PROOF. For p = 1 this follows from Proposition 3.4 and the contour integral 
representation (3.12) by taking the contours as in Figure 3.1 for t — » 0+ and as 
in Figure 3.2 in the Fredholm case as t — » oo. For p = oo the estimates are a 
simple consequence of the Spectral Theorem. The general case then follows from 
the interpolation inequality (3.15). □ 

3.1.3. Estimates for the JLO integrand. Recall that we denote the standard 
k-simplex by A k :— { (cr , cr k ) g M k+1 | crj > 0, cr o + -" + 0'k = 1}- Furthermore, 
recall the notation (1.30). 

Proposition 3.8. Let Aj e Diff di (M; W), j = 0, ...,k, be D d > -bounded differential 
operators on of order dj on M; let d :— Y^=o ^ e ^ ne sum of their orders. Furthermore, 
assume that supp Aj is compact for at least one index jo- 

1. For to, £ > there is a constant C(to, e) such that for all cr — (cr , cr k ) € 
A k , o-j > 0, 

J^ (J -d ) /2V-d/2-(dnnM)/2- £) < t < t . 
j=0 / 

In particular, ifdj < 1 , j =0, k, then 

||(A ,...,AOvtDll =0(t- d / 2 - (dimM '/ 2 -°), t->0 + . (3.20) 

2. Assume additionally that D is Fredholm and denote by H the orthogonal projection 
onto Ker D. Then for e > and any < 6 < inf spec ess D 2 there is a constant C(6, e) 
such that for all cr e A k , crj > 




(3.19) 



|Aoe- ff ° tD2 (I-H)Ai ■ ... • A k e- aktD2 fI 

/ k 




< C(6, £ ) (n^^ 72 ]t- d / 2 -( dimM) / 2 - £ e- tS , /orall0<t<oo (3 ' 21) 

In particular, dj < 1 , j = 0, k, then 

||(Ao(I-H),... ) A lc (I-H))^ D || 

= o(t -d/2-(dta.M)/2-0 e -t6 )j /ora ll <t<00. ^ 
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PROOF. We first reduce the problem to the case that all Aj are compactly sup- 
ported. To this end choose cpj„-i , cpj € C£°(M) such that supp qjj n supp(l — 
cpj Q _i ) = and such that cpj Aj = Aj cpj = Aj . Decompose Aj _i = 

A )o-l <Pjo-1 + A io-lO - tPio-1 )- 

First we show that the estimates (3.19), (3.21) hold if we replace Aj _i by 
Aj -i(1 - cp jo _i): 

Case 1. Proposition 3.5.3 gives 

llAjo-iO-cp^Oe-^-'^cpjJb <C tB a? _,t N , for a h ^t < t . (3.23) 

The operator norm of the other factors can be estimated using the Spectral Theo- 
rem, taking into account the D d > -boundedness of Aj : 

llAje-^ '!! < Ct ((Jjt)- d ' /2 , forcijt^to. (3.24) 
Hence by the Holder inequality 

||Aoe- ff ° tDa Ai •...•A jo _ l (1 - Vie ^)e-"io-^ 2 • A k e— tD2 |h 



-±d,+N (3.25) 
t i=0 , 0<t<t o , 



which is even better than (3.19). 

Case 2 (D Fredholm). From (3.23), Proposition 3.6 and the fact that H is a finite 
rank operator with e~ £D H = H we infer 

l|A j0 -i (1 - cp, _i )e- ff >o-' tD2 (I - H)cp jo |h 

(3.26) 

< C s e _<T )o-i ts , for all < t < oo. 
To the other factors we apply Proposition 3.6 with p = oo: 

||Aje- ff J tD2 (I-H)|| < C5(ffit)- d * /2 e- ff ' t6 , < t < oo. (3.27) 

The Holder inequality combined with (3. 26), (3. 27) gives (3.21). 

Altogether we are left to consider Ao, Aj _i cpj -i , Aj , ...A^ where now 
Aj _i<pj _i and Aj are compactly supported. Continuing this way, also to the 
right of jo, it remains to treat the case where each Aj has compact support. 

Case 1. We apply Holder's inequality for Schatten norms and Proposition 3.5: 

llAoe-^^Ai • A k e- CTktD2 |h 
<ni|A 5 .e-^ D2 L rl 

j=0 

^, \ 1 — T, \ H /I dim M+e „■ (3.28) 

< C(t ,e) fXCo-jt)- dj/2 — u> 

j=0 

<c(t ,e) (n^jt-^^, o< t <to, 

thanks to the fact that cr cr~ d "" 2 1 +t 17 is bounded as cr — > 0. 
Case 2. If D is Fredholm we estimate 



|A e- <JotD (I-H)Ai • ... • Aice _tTktD (I-H) 



1 
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using Holder as in (3.28) and apply Proposition 3.6 to the individual factors: 

HAje-'J^Cl-H)!!^, ^Cs^tr^-^^-ie-^ 6 , < t < oo, (3.29) 

to reach the conclusion. 

Finally we remark that the inequalities (3.20), (3.22) follow by integrating the 
inequalities (3.19), (3.21) over the standard simplex Ay. Note that (<to ■ . . . • 
(j k )- 1 / 2 da < oo. □ 



3.2. Comparison results 

Let Mj, j = 1,2, be complete riemannian manifolds with cylindrical ends, 
cf. Proposition 1.4. Assume that Mi and M2 share a common cylinder component 
(-00, 0] x Z. That is, if Mj = (-00, 0] x Zj U Zj X, , j = 1 , 2, then Z is (after a suitable 
identification) a common (union of) connected component(s) of Zi , Z2. A typical 
example will be M2 = K x Z. 

Suppose that Dj are formally self -adjoint Dirac operators (cf. Section 1.4) 
on Mj, j = 1,2 with D-i^^^xz = D 2 | (_«,,<)] *z =: D = c(dx)^ + 
Da. The operators Dj are supposed to act on sections of the hermitian vec- 
tor bundles Wj such that Wi^^ojxz = W2|(-oo,0]xZ- As explained in Sec- 
tion 1.6, we identify r°°((— 00, c] x Z;W), c e K, with the completed ten- 
sor product C°°((-oo, c])^r°°(Z;W) and accordingly b r~ ((-00, c) x Z;W) with 
b ^cpt (( — °°> c))<^r°°(Z; W). We want to compare the resolvents and heat kernels of 
Dj on the common cylinder (—00, 0] x Z. 

To this end, we will make repeated use of Remark 2.8 without mentioning 
it every time. There is an intimate relation between the spectrum, spec Da, of the 
boundary operator D9 and the essential spectrum, spec ess D, of D. We will only need 
that 

inf spec ess D 2 = inf spec D 2 , . (3.30) 

A proof of this can be found in [MUL94, Sec. 4]. Concerning notation, ||T|| p stands 
for the p-th Schatten norm of an operator T acting on a Hilbert space H unless 
otherwise stated. 

Proposition 3.9. 1. Fix an open sector A :— {z £ C* I e < argz < 2n — e} c 
C \ M + where e > 0. Then on (—00, c] x Z, c < 0, the difference of the resolvents 
(D 2 — A) -1 — (D 2 — A) -1 , A 6 A, is trace class. Moreover, for N > and Ao € A there 
is a constant C(c, N, Ao) such that 

|((D 2 — A) -1 — (D| — ^) _1 )|(_ 00)C ] xZ || i 

< C(c,N,A ) |A|- N , for A e A, |A| > |A |. (3.31) 
2. On (—00, c] x Z, c < 0, the difference of the heat kernels 

( D ^- tDf -Die- tD i) |( _^ c]xZ , IGZ+, (3.32) 
is trace class for t > 0. Moreover, for N, to > there is a constant C(c, I, N, to) such that 

i < C(c,l,N,t ) t N , 0<t<t o . (3.33) 



3.2. COMPARISON RESULTS 



53 




FIGURE 3.3. The cut-off functions tp and \p. 



3. Assume in addition that Di , D 2 are Fredholm operators and denote by Hj the 
orthogonal projections onto Ker Dj , ] — 1,2. Then for < 5 < inf spec ess D 2 there is a 
constant C(c, 5) such that 



{D\e- tD <(l-Hi)-D\e- tD hl-H 2 )) ]{ o0tC]xZ ^ < C(c, 5) e - t6 , (3.34) 

for < t < 00, I G Z + . 

PROOF. 1. We choose cut-off functions (p,il> e C°°(K) such that 

Jl, x<4/5c, Jl, x<2/5c, 

10, x > 3/5c, 10, x>1/5c, 

see Figure 3.3. We have iL>cp = cp, supp dip n supp cp = 0. Consider 

R^, (p (A):=xp((Df-A)- 1 -(Dl-A)- 1 )^, (3.36) 

viewed as an operator acting on sections over Mi . Then 

(D?-A)Rg,, ip (A) = [Di^](D 2 i-\)-\-[D 2 2 ,^](D 2 2 -\)-\, (3.37) 

where again [D 2 , ip] (D 2 — A) -1 cp is considered as acting on sections over Mi . Since 
the operators [D 2 ,ip],j = 1,2 have compact support which is disjoint from the 
support of cp we may apply Proposition 3.2 to the r.h.s. of (3.37) to infer that 
Ri^,<p (A) is trace class and that the estimate (3.31) holds. 

2. This follows from 1. and the contour integral representation (3.12) of the 
heat kernel. Cf . Proposition 3.5. 

3. This follows from 1. and (3.12) by taking the contour as in Figure 3.2, page 
49. ' □ 

We recall from Section 1.6 the notation b Diff c a pt ( (-00, 0) x Z;W) (1.53). In what 
follows, the subscript cpt indicates that the objects are supported away from {0} x Z; 
it does not indicate compact support. The support of objects in b Diff^, t , and other 
spaces having the cpt decoration, may be unbounded towards {—00} x Z. Compactly 
supported functions resp. sections are written with a c decoration, e.g. C£° resp. 

poo 
1 c • 



Theorem 3.10. Let Aj e b Diff C p t ((— 00, 0) x Z; W) be ^-differential operators of order 

dj,j = 0,..., 
their orders. 



dj , ) — 0, k which are supported away from {0} x Z. Let d :— Y.i=o be the sum of 
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1. For to, N > there is a constant C(to, N) such that for all o~ € Ak, ffj > 
A e-^ tD ' • ... • Atfe-^ ' - e- ffltD ^A :+1 • ... • A k e-^ tD ' 

<C(to,N)( n crr d ' /2 )(cTit) N , 0<t<t o . (3.38) 

2. Assume in addition that Di , D2 are Fredholm operators and denote by Hj the 
orthogonal projections onto Ker Dj , j = 1,2. Then for < 5 < inf spec ess D 2 and all 
cr e A k , o-j > 0, 



A e- CT o tD '(I-Hi] • ... • A l (e- (JltD '(I-H 1 ) -e- <TltD ^(I-H 2 ))A l 



+ 1 • 



... • A k e-°' ktD i (I - Hi 



< C(8) J| ffj i/2 e - ts , 0<t<oo. (3.39) 

Remark 3.11. With some more efforts one can show that the factors 
Tif=o d ' ^ on the right hand sides of the estimates (3.38), (3.39), and also 

below in (3.63), (3.65) are obsolete. But since this is not needed for our purposes 
we prefer a less cumbersome presentation. 

PROOF. First note that by Proposition 1.6 the operator A(i + D)~ a is bounded 
for A e b Diff cpt ((— 00, 0) x Z; W) and hence the Spectral Theorem implies that for 
t > there is a C(to) such that 



|Ae 



< C(t )t- Q/2 , < t < t . 



(3.40) 



If D is Fredholm then for < 5 < inf spec ess D 2 and to > there is a C(to, 5) such 
that 



Ae~ tu (I — H)||oo < C(6)e~", t < t < 00 



(3.41) 



(3.40) and (3.41) together imply that for < 5 < inf spec ess D 2 there is a C(6) such 
that 

||Ae- tD2 (I-H)||oo < C(5)t- Q/2 e- t6 , < t < 00. (3.42) 
The first claim now follows from the second assertion of Theorem 3.9. Namely, 
with some c < such that supp A, C (—00, c] x Z we find 

Aoe-^ ' • ... ■ Ai(e-^ tD * - e- CTltD *)A l+1 • ... • Aye^ 10 ' 



Vj=<Wi / 



-d. 



lu 2l 



(3.43) 



<C(t ,N)( Yl ar d ' /2 ) a 



d,/2 \ n .N t N-d/2 j <t<t . 



Here we have used (3.40). Since crj < 1 an inequality which is valid for < (Xjt < to 
is certainly also valid for < t < to. Since N is arbitrary (3.43) proves the first 
claim. 
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2. Similarly, using the third assertion of Theorem 3.9 and (3.42) 



A e 



-CTntD 



Hi - Hi ) • ... • A^e-^i (I - Hi) - e- aitD > (I - H 2 )) A l+1 ■ 



A k e- ffktD i(I-Hr 



< 



n ii^ 



-o-jtDf 



1 fl-Hi 



A l (i+D) 



• J ((i + Di )^e-^ D ' (I — Hi) — (i+ D 2 ) d ie-^ (I - H 2 )) |( _ o0iC]xZ 

<c ( 6)( n <> /2 ) 



t -d/2 e -t5_ 



(3.44) 

Together with the proved short time estimate and the fact that the Hj are of finite 
rank and thus of trace class we reach the conclusion. □ 

3.3. Trace class estimates for the model heat kernel 

We consider the heat kernel of the Laplacian Ar on the real line 



Mx,y) 



1 



/47rt 



-(x-y) z /4t 



(3.45) 



By slight abuse of notation we will denote the operator of multiplication by Mr 
by X. We want to estimate the Schatten norms of e a|x le~ tAR e |3 ' x| . Before we start 
with this let us note for future reference: 



Pel; A,t > 0. 



(3.46) 



e-^+^dz< iVnXi e Ap t/4 , 
Furthermore, we will need the well-known Schur's test: 



Lemma 3.12 ([HaSu78, Thm. 5.2]). Let K be an integral operator on a measure space 
(CI, p) with kernel k : CI x CI — > C. Assume that there are positive measurable functions 
p, q : CI — > (0, oo) such that 



|k(x,y)|p(y)dp(y) < C p q(x), 
|k(x,y)|q(x)dp(x) < C q p(y). 



(3.47) 



Then K is bounded in L 2 (Q, p) with |jK|| < ^/C p C q . 
Now we can prove the following estimate. 

Proposition 3.13. Let A R = be the Laplacian on the real line. Then for a > |3 > 

0, t > 0, 1 € Z+, the integral operator e~ a|x| (jLJ l e -tA,, e 0|x| w ith the (not everywhere 
smooth) kernel 

1 ._ e -*MQl e -(x-yf/<*+V\y\ (3.48) 



/47tt 
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is p-summablefor 1 < p < oo and we have the estimate 



|j e -«|xi(jl)VtA HeP |x|| |p 

< (dt - * - ^ +c 2 t-^)(a-|3)- 1/,: 'e (a2 + p2)t , 0<t<oo (3.49) 
with (computable) constants ci , Ci independent of a, |3,p,t. 

Remark 3.14. We are not striving to make these estimates optimal. We chose to 
formulate them in such a way that they are sufficient for our purposes and such 
that the proofs do not become too cumbersome. 

PROOF. We will prove this estimate for p = oo using Schur's test Lemma 3.12 
and for p = 2 by estimating the L 2 -norm of the kernel. The case p = 1 will then 
follow from the semigroup property of the heat kernel. The result for general p 
follows from the cases p = 1 and p = oo and the interpolation inequality (3.15). 

The case I > 2 can easily be reduced to the case I G {0, 1 } in view of the identity 

3^e- tAR . (3.50) 



9 2k e -tA H 



-A R ) k e- tAs 



The case p = oo. We apply Schur's test with p(x) = q(x) = 1 . We will make 
frequent use of (3.46) without explicitly mentioning it all the time. 

' f p -a|x|-(x-y) 2 /4t+p|yl 



/47rt 



< 



1 



,— ot|x| 



/4nt 



'dy 



,-zV4t+p|x| + p|z| 



dz 



(3.51) 



< e'P- a >l"l2eP 2t < 2eP 2 \ 
Reversing the roles of x and y one gets similarly 
1 



/47rt . 



< 



e (3|y|-(x-y) / /4t-oc|x| dx 
1 



/47tt 



-z / /4t-a|y | + a|z|^ z 



(3.52) 



< e (p - a ^ l 2e a 1 < 2e a \ 
This proves the result for 1 = and p = oo. In the case I = 1 the integral 



1 



/47rt 



■y\ 



-<x|x|-(x-y) 2 /4t+0|y 



2t 



dy 



(3.53) 



is estimated similarly. 

The case p = 2. We estimate the L 2 -norm of the kernel on ] 



by: 



1 

47Tt 



-2a|x|- 



h2p| y!dxdy 

.2 
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proving the result for 1 = and p = 2. Again, the case I = 1 is similar. 

The case p = 1. Put c = (a + (3)/2. Then the semigroup property of the heat 
kernel gives 



ig-alxig-ta.ePlxh. 



< ||e-"l x| e- t / 2A "e c|x| || 2 ||e- c|x| e- t / 2A »e p|x| ||2 > 
and using the proved case p = 2 gives the result for p = 1 . 



(3.55) 



□ 



The previous Proposition and standard estimates for the heat kernel on closed 
manifolds (cf. the Section 3.1) immediately give the following result for the heat 
kernel of the model Dirac operator on the cylinder. 

Proposition 3.15. Let Z be a compact closed manifold and D = + A) a Dirac 

operator on the cylinder M = R x Z (cf. Remark 2.8). Furthermore, let Q e 
b Diff^ pt ((— oo, 0) x Z;W) a b-differential operator of order q with support in some 
cylindrical end [— oo, c) x Z. Then for a > (3 > 0,t > the integral operator 



-a|X| 



Qe tD eP' x ' with kernel 



1 



,-a|x| 



'Ant 



-( x -y) 2 /4t+p|y| tA 2 



(3.56) 



is -p-summable for 1 < p < oo. Furthermore, for e > 0, to > 0, there is a constant 
C(e, t ), such that for 1 <p<oo, < t < t , 0<(3<cc 



-a\X\ 



Qe- tD2 eP' x '|| p <C( £) t )(a-P)- 1 /n-- 



2P 



(3.57) 



if in addition the operator A is invertible then for < 6 < inf spec A 2 and e > i/iere 
are constants Cj (6, e), j = 1 ,2 swc/i that for 1 <p<oo,0<t<oo, 0<|3<aroe fta^e 
ffae estimate 



: > kX Qc - c 



tD 2 |3|X|| 



1/p fla^ 



e (a 2 + p 2 -6) ti (358) 



< (C 1 (6,£)t-T + C 2 (6,£))(a-|3)- | ^t 
For the definition of b Diff^ pt , b Diff q see Proposition 1.5 and Eq. (1.53). 
PROOF. By Proposition 1.5 we may write Q as a sum of operators of the form 



f(x,p)pf 



d_ 

V dx 



(3.59) 



with 



f e b r-((-oo,c) x Z;EndW), 

P e Diff b ~ l (Z; W| Z ) a differential operator of order b — 1 on Z which is 
constant in x-direction. 



Note that e a ' x ' commutes with f. Furthermore, f is uniformly bounded. Thus 



;- a ' x lfP3!e- tD Vl x ' 



< llfll 



e -a|X|p 9 l e -tD^p|X| 



Inside the p-norm is now a tensor product of operators 



,-alxlpai^-tD 2 R|X| 



fe- a|x| 3le- tA -e p|x| l 



Pe 



-tA" 



)■ 



(3.60) 



(3.61) 
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Since the p-norm of a tensor product is the product of the p-norms the claim fol- 
lows from Proposition 3.13 and standard elliptic estimates for the closed manifold 
Z (Propositions 3.5, 3.6). □ 

3.4. Trace class estimates for the JLO integrand on manifolds with cylindrical 

ends 

The heat kernel estimate for the Dirac operator on the model cylinder from 
Proposition 3.15 together with the comparison result in Section 3.2 will now be 
used to obtain trace class estimates for b-differential operators similar to the one 
in Proposition 3.8 if the indicial operator of at least one of the operators Ao, . . . , Ak 
vanishes. Let us mention here that in the following we will use the notation intro- 
duced in Subsection 1.4.1, in particular Eq. (1.30). 

Proposition 3.16. Let M = (— oo, 0] x ZUzX, where X is a compact manifold with bound- 
ary, be a complete manifold with cylindrical ends and let Dbe a Dirac operator on M. Let 
Ao, Ak e b Diff(M; W) be b-differential operators of order do, dk; d :— YJj=o dj- 
Assume that for at least one index I e {0, k} the indicial family of Ai vanishes. Then 
for t > 0, a e Ak the operator 

A e- aotDl A! • . . . • A k e- aktD2 (3.62) 

is trace class. Furthermore, there are the following estimates: 

1. For t > 0, e > there is a constant C(t , e) such that for all a = (cr , cr k ) e 
A k/ ffj > 0, 

||Aoe- ffetD2 Ai A k e- CT " tD2 |h 

<C(to,e] ^ CJ - d )/^t- d / 2 -( dimM '/ 2 - £ , 0<t<t o . 

In particular, if dj < 1 , j = 0, k, then 

||(Ao,...,A k )vtDll =0(t- d / 2 -< dimM >/ 2 -°), t-»0 + . (3.64) 

2. Assume additionally that D is Fredholm and denote by H the orthogonal projection 
onto Ker D. Then for e > and any < 5 < inf spec ess D 2 there is a constant C(6, e) 
such that for all a e Ak, ffj > 



(3.63) 



|| Aoe- CT ° tD2 (I - H)Ai • . . . • A k e-^ tD2 (I - H)||, 

<C(S,e) ^JJff-^^jt-^-CdtaMJ/z-eg-ts^ / ora ii <t<oo. 

In particular, if dj < 1 , j =0, k, then 

||(Ao(I-H),...,A k (I-H)) yiD || 

< C(e,6) t- d/2 - (dimM)/2 - £ e- ts , for all < t < oo. 



(3.65) 



(3.66) 



PROOF. We first reduce the problem to a problem on the cylinder (— oo, 0] x Z. 

Write A j =Aj 0] +AP ) wh 
on (— oo, c] x Z for some c < 

Then we split A e" CTotD2 /A 
Ake- 17 ^ (I-H))into a sum of terms obtained by decomposing Aj = A! u 1 + A 



Write Aj = A- +A« where Aj ' has compact support and Aj 1 ' is supported 
me c < 0. 

Then we split A e- CT ° tD2 At • .. . • Ake- aktD2 (resp. Aoe~ <TotD2 (I — H)Ai • ... • 
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To the summands involving at least one term a| ' we apply Proposition 3.8. 
To the remaining summand involving only Aj we first apply the comparison 
Theorem 3.10 with = D and D 2 = + D s = + A), where D 2 acts on 
sections over the cylinder MxZ; cf. Remark 2.8. 

Hence it remains to prove the claim for the cylinder M — M.x Z where each A, 
is supported on (— oo, c] x Z for some c < 0. 

For definiteness it is not a big loss of generality if we assume that the indicial 

family of A vanishes (I.e. I = 0). Write A = e HX| A with A G b Diff c d p ° t ((-oo, 0) x 
Z;W). Let |3 , • ••> Pk+i be real numbers with 1 > Po > Pi > ••• > Pk > Pk+i = 0. 

Let us assume that D is Fredholm and prove the claim 2. The proof of claim 1. 
is similar and left to the reader. Holder's inequality yields 

llAoe-^^U-HjA! • ...•A lc e-°' ktD2 (I-H)|| 1 

< c\\e-^ w A e- a ° tD \l-H)e^ m \\ 

II IIct 
k 

■ nUe-^'^Aje-^^fl - H)e p J+' ,x| j| tr _ 1 . (3.67) 
j=i 1 

The individual factors are estimated by Proposition 3.15 and we obtain for < t < 

oo: 

k 

... < n( C l,i( 5 > £ > P)(tCTj)- di/2 + C 2>j (6, £, P))- 
j=0 

t _^M±, aje ^2 + ^_ &)a . t (36g) 

< C(6, e, P,y)(n ff -^ 2 )r d / 2 -^e^ Pf+r-6) t) 

for any y > 0. The y > is introduced to compensate t~ d ^ 2 as t — > oo. Since we 
may choose 2 Y_ Pf + ~Y as small as we please, the claim is proved. 

The remaining cases are treated similarly. □ 

3.5. Estimates for b-traces 

Now we come to the main result of this chapter. 

Theorem 3.17. In the notation of Proposition 3.16 we now drop the assumption that the 
indicial family of one of the Ai vanishes. Then the following estimates hold: 

1. For e > 0, to > there is a constant C(e, to) such that for all a = (do, cr k ) € 
Ait, o-j > 0, 

b Tr(A e- t70tD2 A 1 • . . . • A k e- aktD2 ) 

<c(£ ) to)^n (j r di/2_£ ) t_d/2_(dimM)/2_£ ' o<t<to. (3 ' 69) 

In particular, 

| b (Ao,...,A k )^ D l = 0(t- d / 2 -( dimM '/ 2 - £ ), t-»0 + . (3.70) 



60 3. HEAT KERNEL AND RESOLVENT ESTIMATES 

2.I/D is Fredholm then for e > and any < 6 < inf spec ess D 2 there is a constant 
C(e, 6) such that for all cr e A k , Oj > 

b Tr(Aoe- ffotD2 (I - H)A, • . . . • A k e- aktD2 (I - H)) 

< C(e, 6) (j[ (J- di/2 -^ t -d/2-(dlmM)/2-e e -tS ) fof all < t < OO. 

(3.71) 

In particular, 

| b <A (I-H),...,A 1t (I-H)) vaj | 

< C 5 , E t- d/2 - (dimM)/2 - £ e- t6 , for all < t < oo. 

PROOF. Arguing as in the proof of Proposition 3.16 we may assume that D is 
the model Dirac operator and that A , . . . , A k G b Diff cpt ((-oo, 0) x 3M; W) . 
By Proposition 2.6 we have 

b Tr(A e- (rotD2 A 1 ■ . . . • A k e-°- tDl ) 

= -Y_ Tr(xA e-° tD2 . . . [A Aj ] . . . e-^ 2 ). (3.73) 
j=o x 

Although multiplication by x is not a b-differential operator it is easy to see that 
Proposition 3.16 still holds true for the summands on the right of (3.73). The reason 
is that for any fixed e > the function xe~ £ ' x ' is bounded. In fact any < e < 1 
will do since the coefficients of Aj] are 0(e x ) asu — oo. □ 

3.6. Estimates for the components of the entire b-Chern character 

We continue to work in the setting of a complete riemannian manifold with 
cylindrical ends M, which is equivalent to a compact manifold with boundary 
with an exact b-metric, cf. Section 1.6. Furthermore, let D be a Dirac operator on 
M. 

3.6.1. Short time estimates. 

Proposition 3.18. The Chern characters b Ch k and b ^h k defined in (2.50) and (2.51) 

satisfy the following estimates for Y^7L + : 

b Ch k (tD)(a ,--- ,a k ) = 0(t k - dimM -°), 

t -> 0+, (3.74) 



'tfi (tD,D)(a ,--- ,a k ) = 0(t 



k-dim M-Oi 



I > 



forcLj e b C°°(M)J =0,...,k. 
In particular, 

(1) lim b Ch k (tD) = Ofor k > dimM. 

k 

(2) The function t Vh (tD, D)(ao, a k ) is integrable on [0, T]for T > and 
k > dim M - 1 . 

PROOF. This follows immediately from Theorem 3.17. □ 
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3.6.2. Large time estimates. Unless otherwise said we assume in this Subsec- 
tion that Da is invertible. Then infspec ess D 2 = inf spec D?, > (cf. Eq. (3.30)) 
and hence D is a Fredholm operator. We denote by H the finite rank orthogonal 
projection onto the kernel of D. 

Lemma 3.19. Let Aj e b Diff(M;W) be b-differential operators of order dj,j = 

k 

0, . . . , k; d := Y. ^ e order. Furthermore let Hj = H or Hj = I — H, j = 0, k 

j=0 

and assume that Hj = Hfor at least one index ]. Then for each < 5 < inf spec ess D 2 



AoH e- ffotD2 At Hi e"" 1 tDl ... Ky^eT^^ 

<C(6)( n (J -^/ 2 y-d/2 e -(a u +... +aiq )t^ <t<oo, 
ie{ji,...,j q } 



(3.75) 



where j i , . . . , j q are those indices with Hj = I — H, d = Y. 



ie{ji,...,j q } 



di. 



PROOF. We pick an index I with Hi = H. Then Holder's inequality gives 



A Hoe _<J ° tD A 1 H 1 e- <J,tD . . . A k H k e- ffktD " 



< A l H l e 



-a, tD z 



i, nii A > H i^ aitD 



The individual factors are estimated as follows: if Hj = H then 



lAjHe-^Hp < ||AjH|| p , forp e {l,oo}. 



(3.76) 



(3.77) 



If Hj = I — H then by the Spectral Theorem and Proposition 1.6 we have for < 
5 < inf spec ess D 2 

llAjU-Hle-^ 10 '!^ < C(5,Aj)((jjt)- d i /2 e- a * t6 , < t < oo. □ 

The next Lemma is extracted from the proof of [CoMo93, Prop. 2]. 

Lemma 3.20. Let f : — > C be a (continuous) rapidly decreasing function of q < n 
variables. Then 



lim t 2c < 

t — >oo 



f (t 2 CJl , t 2 CTq)dcT 



1 



(3.78) 



f(u)du 



find 



(n-q)! J, 

PROOF. Changing variables Uj = t 2 cjj , j = 1 , q;uj = cij , j = q + 1 , n we 



t 2 q 



f(t 2 CTi,...,t 2 (Jj)d{J 



{t- 2 (u, +...+U, )+u q + i+...+u n )<1} 



f(ui,...,U q )du 



t 2 A„ 



f(Ui,...,U q 



(3.79) 



du 



[n-qj! 



t 2 A a 



l-t- 2 (u,+...+u q ))A n _ q 
1 -t- 2 (U! + ...+U q )) n_q f(u)du. 



b2 
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By assumption f is rapidly decreasing, hence we may apply the Dominated Con- 
vergence Theorem to reach the conclusion. □ 

3.6.3. Estimating the transgressed b-Chern character. 
Proposition 3.21. For k > 1 and a , a k e b C°°(M) we have 



Vh (tD,D)(a ,...,a k ) = ^ ' ' t -> oo. (3.80) 

IO[t J, kodd, 

Proof. ^h K (tD,D)( ao, a^) is a sum of terms of the form 

T = b (a , [tD, ai], [tD, cn_i], D, [tD, oj, [tD, a k ]) tD . (3.81) 

Writing A = a , Aj = [D,aj]J = 1, Aj = [D,aj_i],j = t+ 1,...,k+ 1, 

Ai := D we find 

T = t k Y. b (A H ,...,A k+1 H k+1 )tD, (3.82) 

Hj G{H,I— H} 

where the sum runs over all sequences Ho, H k+ i with Hj e {H, I — H}. Since 
H[D, a.j]H = 0, HD = DH = (note Ai = D !) only terms containing no more than 
[k/2] + 1 copies of H can give a non-zero contribution. 

Consider such a nonzero summand with at least one index j with Hj = H and 
denote by q the number of indices I with Hi = I — H. Then q > + 1 and we 

infer from Lemmas 3.19,3.20 

t kb <AoHo,..,A k+1 H k+1 ) tD = 0(t k - 2 ") = {°^3|' l GV ™' (3.83) 

I 0(t J J, k odd . 

We infer from Theorem 3.17 that the remaining summand with Hj = I — H for all 
) decays exponentially as t — » oo and we are done. □ 

3.6.4. The limit as t — > oo of the b-Chern character. As in [CoMo93] we put 

p H (A):=HAH, (3.84) 

and 

(ju h (A,B) := Ph(AB) - p H (A)p H (B). (3.85) 
Proposition 3.22. Let q , a k e b C°°(M). Ifk is odd then 

lim b Ch k (tD)(a , a k ) = 0. (3.86) 

t — >oo 



If k = 2q is even then 



lim b Ch k (tD)(a ,...,a 2c 



1 ) q 

Str(pH(ao)a)H(ai,a2)...a)H(a 2q -i,a2q)) ( 3 - 87 ) 



q! 

=: K 2 ^D)(Q 0) ...,a 2q ). 
Of course, since H is of finite rank Ph(cL)) and cuh(cl5, ctj+i ) are of trace class. 



3.6. ESTIMATES FOR THE COMPONENTS OF THE ENTIRE B-CHERN CHARACTER 



63 



PROOF. As in the previous proof we abbreviate Ao = ao,Aj = [D, Qj],j > 1 
and decompose 

b <A ,A 1 ,...,A k )tD=t k Y. b <A H 0) ...,A k H k )tD. (3.88) 

Hj £{H,I— H} 

Since H[D, aj]H = only terms containing no more than [k/2] + 1 copies of H can 
give a nonzero contribution. 

The term containing no copy of H decreases exponentially in view of Theorem 
3.17. 

Consider a term containing q copies of I — H. If the number k + 1 — q of copies 
of H is at least one but less than k/2 + 1 , which is always the case if k is odd, then 
q > k/2 and hence in view of Lemmas 3.19, 3.20 

t kb <A H ,...,A k H k ) tD = 0(t lc - 2t ') = 0(t- 1 ), t-»oo. (3.89) 

If n = 2q is even there is exactly one term containing k/2 + 1 copies of H, 
namely 

t 2 i b (AoH,A 1 (I-H) ) ...,A 2q H) tD 

The integrand depends only on the q = k/2 variables cri , 03, <J2q-i and so we 
infer from Lemma 3.20 that the limit as t — > 00 equals 

-1 [ Tr(ya H[D, a,]e- Ul ° 2 (I - H)[D, a 2 ]H... e - u ^-' D " (I - H)[D, a 2q ]H) du. 

q! hi 

(3.91) 

As in [CoMo93, 2.2] one shows that this equals 
(—1)1 

— ^— Str(p H (ao)cU H (ai, a 2 )...U> H (cL2q-1, CL2q)). □ 



Trd/aoHe-^^tD, ai](I — H) • ... ■ e-^^H)^. (3 ' 90) 

A 2 



CHAPTER 4 



The Main Results 



We are now in a position to establish the main results of this paper. After 
discussing in Section 4.1 asymptotic expansions for the b-analogues of the Jaffe- 
Lesniewski-Osterwalder components, we construct in Section 4.2 the retracted rel- 
ative cocycle representing the Connes-Chern character in relative cyclic cohomol- 
ogy and compute its small and large scale limits. Section 4.3 derives the ensuing 
pairing formula with the K-theory and discusses the geometric consequences. The 
final remark (Section 4.4) offers an explanation for the restrictive eta-pairing which 
appears in the work of Getzler and Wu. 

4.1. Asymptotic b-heat expansions 

4.1.1. b-Heat expansion. Let M be a complete riemannian manifold with 
cylindrical ends and let D be a Dirac operator on M (cf. Remark 2.8, Section 1.6). 

Let Q 6 b Diff q (M;W) be an auxiliary b-differential operator of order q. It is 
well-known (cf. e.g. [GIL95]) that the Schwartz-kernel of the operator Qe~ tD has 
a pointwise asymptotic expansion 

oo 

(Qe- tDi )(x,p;x,p) ~ t ^ 0+ £ Qj(Q, D)(x,p) t^'™^. (4.1) 

3=0 

The problem is that in general neither Qe~ tDi is of trace class nor are the local 
heat invariants cij (Q, D) integrable over the manifold. Nevertheless we have the 
following theorem, which has been used implicitly by Getzler [GET93A]. How- 
ever, we could not find a reference where the result is cleanly stated and proved. 
Therefore, we provide here a proof for the convenience of the reader. 

Theorem 4.1. Under the previously stated assumptions the b-heat trace of Qe~ to2 has 
the following asymptotic expansion: 

OO p 

b Tr(Qe- tD2 ) ~ t ^ 0+ f_ tr p (a, (Q, D)(p)) dvol(p) t ^^\ (4 . 2 ) 
j=o >M 

The b-integral J bM was defined in Section 2.3, cf. Definition-Proposition 2.5. 

PROOF. We first write the operator Q as a sum Q-=Q (0) +Q (1) of differential 
operators with Q (0) e b Diff q pt ((— oo, 0) x 3M;W) and Q (1) a differential operator 

supported in the interior. By standard elliptic theory ([GIL95]) Q (11 e~ tD2 is trace 
class and since the asymptotic expansion (4.1) is uniform on compact subsets of M 
the claim follows for Q (1 ' instead of Q. 

So it remains to prove the claim for an operator Q £ b Diff q pt ( ( — oo , 0) x 3 M; W) ; 
for convenience we write from now on again Q instead of Q' ' . Next we apply the 
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comparison Theorem 3.9 which allows us to assume that M = R x 3M is the model 
cylinder, D = c(dx)-^ + D 9 , and Q is supported on (— oo, c) x 3M for some c > 0. 

Furthermore, we may assume that Q is of the form (3.59). Since the heat kernel 
of the model operator is explicitly known (cf. (3.45)) we have 



f(x,p)P3^e 



lx,p;-y,qj 



1 



/47tt 



;9 l e -( X - y ,V4t )(pe -tA^ )(p)q)) A;=rDa . 



(4.3) 



If I is odd then by induction one easily shows that this kernel vanishes on the 
diagonal and hence the b-trace b Tr(Qe~ tD2 ) as well as all local heat coefficients 
vanish, proving the Theorem in this case. So let I = 2k be even. Then using (3.50) 
and since on the diagonal 3^ e~ tAs (x, x) = 9£ (47rt) -1 / 2 =: c k t~'/ 2 ~ k , we have 



(f(x,p)P3ie 



l „-tD' 



(x,p;x,p) 

2, 



= f(x,p)(Pe- tA JfopJcdT 1 ^-* 

OO 

^f(x,p)Qj(P,A)(p)c k t 



(4.4) 



1 — dim M — q 
2 



Comparing with (4.1) we find for the heat coefficients dj (Q, D) 

a j (Q,D)(x,p) = f(x,p)Qj(P, A)(p)c k . 
Furthermore, we have using Theorem (2.6) 

3 Tr(Qe 









tr X)P ( 


J oo . 





(4.5) 



tr X)P x3 x f(x,p)(Pe- tA )(p,p) dvol aM (p)dx. (4.6) 



(Pe tA )(p,p) has an ^.-independent asymptotic expansion as t — » 0+. Since 
x3 x f(x,p) = 0(e' 5 ) x ),x — » — oo, uniformly in p, we can plug the asymptotic 
expansion (4.4) into (4.6) and use (4.5) to find 

b Tr(Qe- tD2 ) 

r 



3=0 



3M 



tr x ,p(x3 x f(x,p)aj(P,A)(p))dvola M (p)dx c k t * 



—dim M — q 



b (-oo,0)x3M 



, , j — dim M — q 

tr x ,p(aj(Q,D)(x,p))dvol(x,p) t 2 . 



~t^o+ y~ 

The claim is proved. □ 
4.1.2. The b-trace of the JLO integrand. To extend Theorem 4.1 to expres- 



sions of the form b Tr(A e- a ° tD2 Ai e~ a ' tc|2 ...A k e" 
was already applied successfully in the proof of the local index formula in non- 
commutative geometry [CoMo95]. Namely, we successively commute Aj e _CTi t€>1 
and control the remainder. We will need the estimates proved in Sections 3.4 and 
3.5. 

We first need to introduce some notation (cf. [LES99, Lemma 4.2]). For a b- 
differential operator B € b Diff(M; W) we put inductively 

V D B:=B, V 5 D +1 B:=[D 2 ,V 5 D B]. (4.7) 



,-o-vtD" 



we use a trick which 
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Note that since D 2 has scalar leading symbol we have ord(V J D B) < j + ord B. The 
following formula can easily be shown by induction. 

e- tD2 B=^^(V D B)e- tD2 + 

>=° V (4.8) 

(l-sr- 1 e- stD2 (VSB)e-t 1 - s)tD2 ds. 

o 



fn-1)! 



The identity (4.8) easily allows to prove the following statement about local 
heat invariants, cf. [WID79], [CoMo90], [BlFo90]: 

Proposition 4.2. Let A ,..., A k e b Diff(M;W) of order d , d k ; d := £jl dj. T/ze« 

the Schwartz kernel of Aoe~ a ° tD Aie~ a ' tD ...Ake _(JktD has a pointwise asymptotic 
expansion 

(A e-°° tDl Ai e-°i tD ' ...A k e-<^ tD2 ) (p,p) 



a! 

aeZ* |a|<n 



(A VS'A 1 ...Vg k A k e- tD2 )(p,p) + O p (t< n+1 - d - dimM '/ 2 ) ) 



(4.9) 



=:2>(A ,...,A 1c ,DHp) t I ^- 1 + O p (t(- +1 - d - d ™ M »/ 2 ) ) 

j=0 
k 

z/j/zere d = ^ dj. T/ze asymptotic expansion is locally uniformly in p. Furthermore, it is 

j=0 

uniform for a e A k . 

Again we are facing the problem explained before Theorem 4.1. Still we will 
be able to show that one obtains a correct formula by taking the b-trace on the left 
and partie finie integrals on the right of (4.9): 

Theorem 4.3. Under the assumptions of the previous Proposition 4.2 we have an asymp- 
totic expansion 

b Tr(A e- ffotD2 A, e"" 1 tD2 ...A k e- ffktD2S 

«l 



Y_ —^7- C(T0 + <Tir 2 ...(cX0 + ... + <Tk-l 

* — a! 

aeZ!j_,|a|<n 

• b Tr(A Vg'A 1 ...V« k A k e- tD2 ) + 

k 



+ o((]^[o- j r di/2 )t (n+1 - d - dimM)/2 ) ) (4.10) 

n 

L 

o ■ 

+ °(0K di/ 



) — dim M — d 

ctj (A , A k) D)dvol t 2 + 

b M 



1=0 

k 

j/2^ + ( n +1-d-dimM)/2 

i=1 



OS 
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Remark 4.4. The O-constant in (4.10) is independent of cr G A k . However, the 
factor (n]=i u ) d '^ 2 ) inside the 0() causes some trouble because it is integrable 
over the standard simplex A k only if di , d k < 1. We do not claim that this 
factor is necessarily there. It might be an artifact of the inefficiency of our method. 
Cf. also Remarks 3.11, 3.14. 

PROOF. The strategy of proof we present here can also be used to prove Propo- 
sition 4.2. 

Again by the comparison Theorem 3.10 we may assume that D is the model 
Dirac operator and A ,...,A k G b Diff cpt ((-oo, 0) x 3M;W). 
Using Proposition 2.6 we have 



3 Tr(A e- aot 



- ff ° tD Ai ...Ave-^ tD ' 



>Tr(x[A Aoe-< T ° tD2 A 1 ...A k e- ffktD2 ]) 



dx' u V (4.11) 

d 

dx' 



k , 



[■^ } Aj] is again in b Diff cpt ((— oo, 0) x 3M;W) and its indicial family vanishes. 
Hence by Proposition 3.16 all summands on the right are of trace class. Cf. also 
the comment at the end of the proof of Theorem 3.17. 

It therefore suffices to prove the claim for the summands on the right of (4.11), 

i.e. for Tr^xAoe _tT ° tD2 A] ...Ai c e _l7ktD2 ^ where at least one of the Aj has vanishing 

indicial family. 

Applying (4.8) to Ai we get 

e -a tD 2 Ai = Y_ ( ~ g ° t) ' (V ] D A 1 )e- g ° tp2 + (4.12) 
j=o 3 - 

( ~ ff ° tr f (l-sr^e-^^^fVgAOe-^-^^^ds. 



(n-1)! „ 

Therefore we need to estimate the expression 

x(cT t) n (l -s) n - 1 A e- sa ° tD2 (VSA 1 )e- (1 - s)tT( ' tD2 e- <7ltD2 ...A lc e- CT| < tD2 (4.13) 
in the trace norm. 

If the index 1 for which the indicial family of Ai vanishes is we 
write A as e"A with A G b Diff cpt ((— oo, 0) x 3M;W) and move xe x un- 
der the trace to the right. This assures that Proposition 3.16 applies to 
(VgAi)e- (1 - s)a ° tD2 e- CT|tD2 ...A k e- aktD2 xe\ 

If 1 > 1 we just move x under the trace to the right. After all w.l.o.g. we may 
assume that 1 > 1 . 
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Next we choose an integer (3 such that Ao(D 2 + I) I 3 has order e {0, 1}. Then 
Holder's inequality yields 



(a t) n (1-s 



,n-1 



A (I + D 2 )- p e- stTotD2 (I + D 2 ) p (VSA 1 ) 



e -(1-s)cxotD 2 e -cntD 2 _ Ake -a k tD 2 



i-do/2+13 



;i + d 2 )P(vsa,) 



j-tl-sJcrotD^g-CTrtD 2 Ak g-cr k tD 2 



(4.14) 



To the remaining trace we apply Proposition 3.16 and obtain 

... < <#t*(i -sr- l (sa tr do/2+p c(to,£)((i -s)coT^ n/2 ~ d ' fl 



j=2 



< C(t ,£)s- 1/2 (1 -s)^ 2 -'-^ d ^ 2 a- 



n — d n — d. 



01° 

j=2 



' t 2 



(4.15) 



If we choose n large enough the right hand side is integrable in s and we obtain 
the desired estimate. 

In the next step we apply (4.8) to e~ (a ° +tTl )tD and A2. Continuing this way 
we reach the conclusion after k steps. □ 



4.2. The Connes-Chern character of the relative Dirac class 

4.2.1. Retracted Connes-Chern character. In this section we assume that D 
is a Dirac operator on a b-Clifford bundle W — > M over the b-manifold M and 
Dt = tD is a family of Dirac type operators. We now have all tools to apply 
the method of [CoMo93] to convert the entire relative Connes-Chern character, 
which was constructed using the b-trace, into a finitely supported cocycle. 

By integrating Eq. (2.53), one obtains for < e < t 



b Ch k (eD) - b Ch K (tD) = b 



k-1 



'ch (sD,D)ds 



fh (sD,D)ds 



^h k (sD 3 , D 9 ) oi*ds. 



(4.16) 



Ch* (D 9 ) satisfies the cocycle and transgression formulae Eq. (1.33), (1.34). Integrat- 
ing these we obtain 



Ch k ( £ D 9 )-Ch k (tD 9 ) = b 



rfh^sDa.DgJds 



(4.17) 



ch k+1 (sD 9 ,D 9 )ds. 
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By Proposition 3.18 (1), the limit e \ exists for k > dim M, and 



lim b Ch k (eD) =0, 
limCh k_1 (eD 9 ) =0, 

e\0 



for all k > dim M. 



(4.18) 



The second limit statement follows either from an obvious adaption of our calcu- 
lations to the ordinary trace or from [CoMo93]. Hence one gets for k > dim M 



Ch K (tD) = b b T^h k " 1 (D)+B b T^h t K+l (D)+T^h t K (D a )oi% 

( 4 - 19 ) 

-Ch^ttDa) = bT^- 2 (D d ) + BT^h k (D 9 ), 



where 



b TYh k (D) := 



^h k (sD,D)ds, 



^ k - 1 (sD a ,Da)ds. 



(4.20) 



The above integrals exist in view of Proposition 3.18 (2) even for k > dim M. From 
Eq. (4.17) and Theorem 2.11 we obtain for k > dim M: 



b( b Ch k (tD) + B b ^fh k+1 (sD,D)ds 



-B b Ch k+2 (eD) + Ch k+1 (eD 9 ) o i* - b 
-bT^h k (D 3 )oi*, e^0 + . 



ifli k (sD 9 ,D 9 )ds 



(4.21) 



Thus 



b( b Ch k (tD) + B b T,!fh k+1 (D)) = -bT^h k (D s ) o i*, 



b( Ch^ 1 (tD a ) + B b T,ai k (D 9 ) ) = 0, 



k > dim M. (4.22) 



Following Connes-Moscovici [CoMo93], we define for k > dim M the Chern 



characters b ch k (D), b ch (D) and ch* ' (D 9 ) by 



k-1 , 



b ch k (D) = Y_ b Ch k " 2i (tD) + B b T^h k+1 (D), 
chjT^Da) =^Ch k 

j>0 

-Y. 



'(tD a )+BT^(Da), 



b ch t (D) = b ch t k (D)+T^h k (D 9 )or. 



(4.23) 
(4.24) 

(4.25) 
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Let us now compute (b + B) b ch* (D). Using Eq. (2.52) and Eq. (4.22) above, we 
write 

b b ch k (D) + B b ch k (D) = 



Y_ (b b Ch k ~ 2j (tD) +B b Ch k - 2j+2 (tD) 



j>i 

+ b( b Ch k (tD) + B b TYh k+1 (D)) 
= Y_ Ch k - 2j+1 (tD a ) o i* - b Tyh k (D 3 ) o i* (4 . 2 6) 

= Y_ Ch^ 2 '- 1 (tD a ) o i* - b TYh k (Dg) o i* 

j>0 

= ch k_1 (D a ) o i* - BTjfli£(D a ) o i* - bTYh k (D 9 ) o i* 

= ch k+1 (D 9 )oi% 

where the last equality follows from the second line of Eq. (4.19). 
In conclusion 



(b + B) b ch k (D) =ch k+1 (D 9 )oi* 
(b + B) b chJD) =ch£ -1 (Da)oi* 



(4.27) 



Denoting by b, B the relative Hochschild resp. Connes' coboundaries, cf. Eq. (1.5), 
we thus infer 

(b + B)( b ch k (D),ch k+1 (D 9 )) =0, 

~ ~ ~k (4-28) 
(b + B^chjD^ch^Da)) =0, 

i.e. the pairs ( b ch t (D),ch t + (Da)) and ( b ch t (D),ch t _ (Da)) are relative cocycles 
in the direct sum of total complexes 

Tot k i3C*'*(C 00 (M),C 00 (3M)) := 

:= Tot k SC , ' , (C°°(M)) e Tot^SC'-'^^M)). ^ ^ 

By Eq. (4.26) we have 

( b ch k (D) - b cht (D),ch k+1 (D 9 ) -ch*" 1 (D a )) 

= f-T,!!h k (Da)or,-(b + B)T^h k (Da)) (4.30) 



= (b + B)(0,Tyh k (D 9 ; 

hence the two pairs differ only by a coboundary. 

Next let us compute ( b ch k+2 (D),ch k+3 (D 9 )) - S( b ch k (D),ch k+1 (D 9 )) in the 
above relative cochain complex. Using Eq. (4.19) one checks immediately that 

b ch k+2 (D) - b ch k (D) = b Ch k+2 (tD) + B b T^h k+3 (D) - BTjfti£ +1 (D) 

= -(b + B)T,zfh k+1 (D)-T^h k+2 (D 9 )oi*. 

From the second line of Eq. (4.19) (or from [CoMo93, Sec. 2.1]) 

ch t k+3 (D 9 ) - ch k+1 (D a ) = -(b + B) TYh k+2 (D 9 ), 
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one thus gets 



; b < +2 (D),ch^ 3 (D 9 ))-S( b ch^D),ch^ 1 (D 3 )) 
= (b + B)( - b T^h t k+1 (D),T^ +2 (D 9 )). 



(4.31) 



Hence, the relative cocycles ( b ch t k+2 (D),ch t k+3 (D a )) and S( b ch t k (D),ch t k+l (D a )) 
are cohomologous. Similarly, one gets 



b ch t k (D)-ch k (D) 



Y_ ( b Ch k ~ 2i (tD) - b Ch k " 2 '(TD)) + B 



i>o 

j>0 



'/fli (sD,D)ds 



b ^h k 21 ^sD.DJds-^ 

j>0 



^h k - 2i (sD a ,D 9 )ds, 



resp. 



ch k+1 (D 3 ) 



ch k+1 (D 9 ) 



j>0 



^h k - 2i (sD a ,D a )ds, 



hence ( b ch k (D), ch k+1 (D a )) and ( b ch k (D), ch k+1 (D a )) are cohomologous in the 
total relative complex as well. Thus, we have proved (l)-(3) of the following result. 

Theorem 4.5. (1) The pairs of retracted cochains ( b ch k (D), ch k+1 (D a )), 

( b cht(D),ch k_1 (D 9 )), t > 0, t>0, k > m = dimM,k-m € 2Z 
are cocycles in the relative total complex Tot^ BC*>*{C°°{M),C°°{dM)). 

(2) They represent the same class in HC n (C 00 (M),C 00 (3M)) which is independent 
oft > 0. 

(3) They represent the same class in HP*(C 00 (M),C 00 (3M)) which is independent 
o/k 

(4) Denote by b o)D, ti)D 8 the local index forms ofD resp. D a [BGV92, Thm. 4.1], 
cf . Eq. (0.4), (0.5) and see Eq. (4.32) below. Then one has a pointwise limit 



lim^chJDhch^Dg)) = ( 



b cu D A., 


o>d 3 A») 


« b M 


3M ' 



Moreover, ( b ch t (D),ch k ^Da)) represents the Connes-Chern character of 
[D] e KK m (Co(M);C) = K m (M, 3M). 



The pointwise limit will be explained in the proof below. Up to normaliza- 
tion constants b cu D is the A form A( b V 2 ) and cud 3 is the A form A(V 2 a ) on the 
boundary. Note also that i*cu D = w Db ■ 

PROOF. It remains to prove (4). So consider 

acQi,...,^ e b C°°(M°). 

Using Getzler's asymptotic calculus (cf. [GET83], [CoMo90, §3], and [BlFo90, 
Thm. 4.1]) one shows that the local heat invariants of 



a e 



- ,JotD2 [D,a 1 ]e- tT|tD2 ...[D,a j ]e- tI i tD2 
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(cf. Proposition 4.2) satisfy 



t> 



str q , Wp (a e-^ tD2 [D, a^e— tD ' . . . [D, a^e—^ 2 ) (p,p) dvol gb (p) 



= ~( b Wo Aa da! ••• Adaj)^ + 0(t 



V2l 



0- 



(4.32) 



" lp 

Here str q) vvp denotes the fiber supertrace in W p , q indicates the Clifford degree 
of D, cf. Section 1.4, the factor X is the volume of the simplex A,. This statement 
holds locally on any riemannian manifold for any choice of a self-adjoint extension 
of a Dirac operator. So it holds for D and accordingly for Da. 

From Theorem 4.3 and its well-known analogue for closed manifolds, 
cf. [CoMo93, Sec. 4], we thus infer 

lim b Ch'(tD)(a ,...,aj) 

t^o+ 



1 



D tu D Aa dai ••• Ada;, a , . . . , aj € b C°°(M°), (4.33) 



resp. 



lim Or 1 1 (tD 9 )(a ,...,a j _i; 

t^o+ 

1 



(j-D! 



3M 



cu Da Aaoda! •■■ Adaj-i, a , . . . , a H1 e C°°(M). (4.34) 



Furthermore, in view of (4.20) we have for k > dim M — 1 



lim b T^ +1 (D)(a o ,...,a k+1 )=0, 



a ,...,a k+ i e b C°°(M°), 



lim T^(D 9 )(a ,...,a k ) =0, a , . . . , a k e C°°(M). 



(4.35) 



wo 



To interpret these limit results we briefly recall the relation between de Pvham 
currents and relative cyclic cohomology classes over ( b C 00 (M),C 00 ()Vl)), cf. also 
[LMP08, Sec. 2.2]. 

Given a de Pvham current C of degree ) then C defines naturally a cochain 
C e C'( b C°°(M)) by putting C(a , . . . , a,-) := ^(C^oda! A--- Ada,). One has 

bC = and BC = 3C, where 3 is the codifferential. Because of this identification 
we will from now on omit the ~ from the notation if no confusion is possible. 

Given a closed b-differential form w on M of even degree. By C w we denote 
the de Rham current J bM U) A— . There is a natural pullback i* w at oo (cf. Definition 
and Proposition 2.5), which is a closed even degree form on 3M. We now find 



(3Ca,, a) 



a> A da : 



d(a> A a) 



(aiAa) 



3M 



(4.36) 



3M 



i*(vo) At*(a) = (C^,i*(a)>. 



In view of Section 1.2 this means that the pair (CwyC^w) is a relative de 
Rham cycle or via the above mentioned identification between de Rham currents 

and cochains that (CtujC^o,) is a relative cocycle in the relative total complex 
Eq. (4.29). 
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If cu = Y.j>o cu2j with closed b-differential forms of degree 2j then the pair 
(cu, 1*0)) still gives rise to a relative cocycle of degree dim M in the relative total 
complex. These considerations certainly apply to the even degree forms b a>D, Wo d 
which satisfy i*( b tu) = w Db . The limit results (4.33), (4.34), (4.20) can then be 
summarized as 



t lim ^cMDJ.chf-^Da)) 



b cu D A., 



cu Da A. . (4.37) 



J 9M 

The limit on left is understood pointwise for each component of pure degree. 

, k 

Finally we need to relate ( b ch t ( D) , ch^ _1 ( Da )) to the Chern character of [D] e 
K m (M, 3M). First recall from Eq. (1.11) that HP , (C 00 (1VI),C 00 (3M)) is naturally 
isomorphic to HP* (j°°{dM, M)). Under this isomorphism, the class of the pair 

( ch t (D),ch t (Da)) is mapped to ch t (D)|j-oojg M M ), just because elements of 
J7°°(3M, M) vanish on 3M. We note in passing that by (1.42) a smooth function 
f on M° lies in J°°(9M, M) iff in cylindrical coordinates one has for all 1, R and 
every differential operator P on 3 M 



3iDf(x,p) = 0(e Rx ) 



X f — } — 00. 



In view of (4.32), the class of ( b ch t (D),cht _1 (D 9 )) in HP* (j°°{dM, M)) equals 
that of Cb WD . As explained in Section 1.5, HP , ( l 7°°(3M., M)) is naturally isomor- 
phic to H^ R (M, 3M; C). Under this isomorphism, Cb Wo corresponds to the relative 
de Rham cycle (Cb a)D ,C a , Da ). Finally, note that under the Poincare duality isomor- 
phism H^ R (M, 3M; C) = H* R (M\3M;C), the relative de Rham cycle (C btUD , C^J 
is mapped onto the closed form b o>D. This line of argument shows that the class of 

( b ch t ( D ) , ch^~ 1 ( D a ) ) depends only on the absolute de Rham cohomology class of 
the closed form b cuo = c • A( b Vg) on the open manifold M \ 3M. The transgres- 
sion formula in Chern- Weil theory shows that the (absolute) de Rham cohomology 
class of A(Vg) is independent of the metric g on M°. Thus the de Rham class of 
b cuD equals that of cup = c ■ A(Vg o ) for any smooth metric go- Choosing go to 
be smooth up to the boundary we infer from Section 1.5 and Proposition 1.3 that 

the class of ( b ch^ (D),^" 1 (D 9 )) in HP*(C 00 (M),C°°(3M)) = HP*(j r °°(3M, M)) 
equals that of the Connes-Chern character of [D] . □ 

4.2.2. The large time limit and higher n-invariants. Let us now assume that 
the boundary Dirac Da is invertible. In view of Proposition 3.21 and Proposition 
3.18 we can now, for k > dim M, form the transgressed cochain 



b T^(D)(a ,...,Q k ) = 



oo 

by k 



)fti (sD,D)(a ,...,a k )ds, (4.38) 

o 



for a ,...,a k e b C°°(M°). In view of Eq. (2.98) we arrive at 
B b T^ +1 (D)(a ,...,a k ) 



s k+1 b ([D, a ], . . . , [D, Qj ], D, [D, a )+1 ], . . . , [D, a k ]) ds 
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,k+1 





.2 n 2 . 



j=0 

[D,a j ]e- a * sZDZ De- lT i+ lsZD 



A k + i 



'Str q ([D,a ]e 



-<j s 2 D 2 



(4.39) 



[D, a k ]e 



Together with Proposition 3.22 we have proved the analogue of [CoMo93, 
Thm. 1] in the relative setting: 

Theorem 4.6. Let k > dim M be of the same parity as q and assume that Da is invertible. 
Then the pair of retracted cochains ( b ch t (D),ch t + (Da)),t > 0, has a limit as t — > oo. 
For k = 21 even we have 

i 

b d&(D) = Y_ k 21 (D) + B b T^ +1 (D) , 

j=0 



(4.40) 



ch^ +1 (D 9 )=BT,/h^ +2 (D 9 ) 



If k = 21 + 1 is odd then 



'd£(D)=B B Ttf& +1 (D), 
ch^ +1 (D a )=BT^ +2 (D 3 ). 



(4.41) 



4.3. Relative pairing formulae and geometric consequences 

Let us briefly recall some facts from the theory of boundary value problems 
for Dirac operators [BBWo93]. Given a Dirac operator D acting on sections of the 
bundle W on a compact riemannian manifold with boundary (M, g). In contrast to 
the rest of the paper g is a "true" riemannian metric, smooth and non-degenerate 
up to the boundary, and not a b-metric. We assume that all structures are product 
near the boundary, that is there is a collar U = [0, e) x 3M of the boundary such 
that g| U = dx 2 © g|a;vi is a product metric. In particular the formulae of Remark 
2.8 hold. 

We assume furthermore that we are in the even situation. That is, D is odd 
with respect to a Z2 -grading. Then in a collar of the boundary D takes the form 



D 



" 


D 







D+ 







-f + A 



dx 





= c(dx) — + D a . 
dx 



(4.42) 



In the matrix notation we have identified W + and W via c(dx) and put A + :— 
(c(dx) -1 Da) | W+ . A + is a first order self-adjoint elliptic differential operator. 

Let P e M /0 (3M;W+) be a pseudodifferential projection with P - 1 [ 0)O o)(A + ) 
of order —1. Then we denote by Dp the operator D acting on the domain {u 6 



L 2 (M;W+) I P(u 



|3MJ 



0}- 



Dp is a Fredholm operator. The Agranovich-Dynin formula [BBWo93, Prop. 
21.4] 

Ind D+ - Ind D+ = Ind(P, Q) =: Ind(P : Im Q — TrnP) (4.43) 

expresses the difference of two such indices in terms of the relative index of the 
two projections P, Q. 

Choosing for P the positive spectral projection P + (A + ) = 1 [o,oo)(A + ) of A + 
we obtain the APS index 



Ind A ps D+ = Ind D 



p+(A+r 



(4.44) 
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We shortly comment on the relative index introduced above (cf. [ASS94], 
[BBW093, Sec. 15], [BrLeOI, Sec. 3]). Two orthogonal projections P, Q in a Hilbert 
space are said to form a Fredholm pair if PQ : Im Q — > Im P is a Fredholm opera- 
tor. The index of this Fredholm operator is then called the relative index, Ind(P, Q), 
of P and Q. It is easy to see that P, Q form a Fredholm pair if the difference P — Q 
is a compact operator. Furthermore, the relative index is additive 

Ind(P, R) = Ind(P, Q) + Ind(Q, R) (4.45) 

if P - Q or P - R is compact [BBWo93, Prop. 15.15], [ASS94, Thm. 3.4]. In 
general, just assuming that all three pairs (P, Q), (Q, R) and (Q, R) are Fredholm is 
not sufficient for (4.45) to hold. 

Sometimes the spectral flow of a path of self-adjoint operators can be ex- 
pressed as a relative index. The following proposition is a special case of [LES05, 
Thm. 3.6]: 

Proposition 4.7. LetT s =To+T s ,0 < s < 1,be a path of self-adjoint Fredholm operators 
in the Hilbert space H. Assume that T s is a continuous family of bounded To-compact 
operators. Then the spectral flow of (T s )o< s <i is given by 

SF(T s )o< s <i =-Ind(P + (T 1 ),P+(T )) ) 
where P+(T S ) := 1[o l00 )(T s ). 

Remark 4.8. If To is bounded then the condition of To-compactness just means 
that the T s are compact operators. If To is unbounded with compact resolvent then 
any bounded operator is automatically To -compact. The second case is the one of 
relevance for us. 

In [L.ES05, Thm. 3.6] Proposition 4.7 is proved for Riesz continuous paths of 
unbounded Fredholm operators. Since s M> T s is continuous the map s To + T s 
is automatically Riesz continuous [LES05, Prop. 3.2]. 

Note that our sign convention for the relative index differs from that of loc. cit. 
Therefore our formulation of Proposition 4.7 differs from [LES05, Thm. 3.6] by a 
sign, too. 

Proposition 4.9. Let [D s )o< s <i be a smooth family of self-adjoint TLz-graded (cf. (4.42)) 
Dime operators on a compact riemannian manifold with boundary. We assume that D s z's 
in product form near the boundary and that D s = Do + O s with a bundle endomorphism 
O s G r°°(M;EndV). Then 

Ind APS D+ - Ind APS D+ = - SF(A+) < s <i . (4.46) 

Here, as explained above, A+ = (c(dx) _1 Da ;S )| W +. 

PROOF. The family s i— > D s aps is n °t necessarily continuous. The reason is 
that if eigenvalues of A+ cross the family P + (A+) of APS projections jump. 

However, since A+ — Aj is th order, the corresponding APS projections 
P+ ( A+ ) all have the same leading symbol and hence P+ ( A+ ) — P + ( A+, ) is compact 
foralls,s' G [0,1]. 

Hence we can consider the family D s P+(A +), < s < 1. Now the boundary 
condition is fixed and thus s i— > D s P+ ( A +) is a graph continuous family of Fred- 
holm operators [NIC95, BBFU98, BBLZ09]. Therefore, its index is independent 
of s. 
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Applying the Agranovich-Dynin formula (4.43) and Proposition 4.7 we find 

Ind APS (D+) =IndD+ p+(A +j + Ind(P+(A+), P+(A+)) 

= IndD+ p+(A + ) + Ind(P + (A+),P+(A+)) (4.47) 
= Ind APS D+-SF(A+)o<s<i. □ 

Recall that a smooth idempotent p : M — > MatN (C) corresponds to a smooth 
vector bundle E ~ Imp and using the Grassmann connection the twisted Dirac 
operator D E equals p(D eg) Hn )p. To simplify notation we will write pDp for p(D eg 
Mn )p whenever confusions are unlikely. 

We would like to extend Proposition 4.9 to families of twisted Dirac operators 
of the form D s = p s Dp s/ where p s : M — > MatN (C) is a family of orthogonal 
projections. 

The difficulty is that not only the leading symbol of D s but even the Hilbert 
space of sections, on which the operator acts, varies. 

Proposition 4.10. Let Dbea self-adjoint TL^-graded (cf. (4.42)) Dirac operator on a com- 
pact riemannian manifold with boundary M. Let p s : M — > MatN (C) be a smooth 
family of orthogonal projections. Assume furthermore, that in a collar neighborhood 
U = [0, e) x 3M of dM we have p S | U = p 9 , i.e. p S | U zs independent of the normal 
variable. Then 

IndAPsPiD+p! -Ind A psPoD + p = -SF(p s A + p s ) < s <i . (4.48) 

PROOF. By a standard trick often used in operator K-theory [BLA86, Prop. 
4.3.3] we may choose a smooth path of unitaries u : M — ) MatN (C) such that 
p s = u s pou*,uo = Mn- Furthermore, we may assume that U|[o i£ ) X 3M = u 9 is 
also independent of the normal variable. Then p s D + p s = u s (pou*D + u s po)u* 
and (p s D+p s ) Aps = u s (p u*D+u s p ) APS u*. 

Since u*D + u s = D + + u*c(du s ) Proposition 4.9 applies to the family 
pou*Du s po- Since the spectral flow is invariant under unitary conjugation we 
reach the conclusion. □ 

Definition 4.11. In the sequel we will write somewhat more suggestively and for 
brevity SF(p., Da) instead of SF(p s A + p s )o<s<i • 

Theorem 4.12. Let Mbe a compact manifold with boundary and W a degree q Clifford 
module on M. Let g be a smooth riemannian metric on M, h a hermitian metric and 
V a unitary Clifford connection on W. Assume that all structures are product near the 
boundary. Let D = D(V, g) be the Dirac operator. 

Let [p, q,y] G K°(M, 9M) be a relative K-cycle . That is p, q : M — > Mat N (C) 
are orthogonal projections and y: [0, 1] x 3M — > MatN (C) is a homotopy of orthogonal 
projections with y[0) = p s ,Y(l) = q 9 - Then 

<[D],[p,q,Y]) 

= - Ind APS pD+p + Ind APS qD+q + SF(y, D 9 ), ^ 
<^D(v >g ) A (ch.(q) -ch.(p)) - u> Da(v ,g) AT^h.(h), 

in particular the right hand side of (4.49) depends only on the relative K-theory class 
[p, q,y] e K°(M, 3M) and the degree q Clifford module W. It is independent of V and 
9- 
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SF(y.(0),D £ 



SF( Tl (-),D a ) 



SF(y.(1),Da) 



1 



SF(ro(0,D 8 



FIGURE 4.1 . By homotopy invariance the signed sum of the four 
spectral flows adds up to 0. 



In case all structures are b-structures, and D 
then we still have 



D( b V, g b ) is the b-Dirac operator, 



([D], [p,q,Y]> = 



3 o) D A(ch.(q)-ch.(p)) - 



cu Da AT/h.(h). (4.50) 



3M 



For the fact that relative K-cycles can be represented by triples [p, q , y] as above 
we refer to [BLA86, Thm. 5.4.2], [HlRoOO, Sec. 4.3], see also [LMP09, Sec. 1.6]. 

PROOF. Denote the right hand side of (4.49) by I(p, q,y). We first show that 
I(p, q,y) depends indeed only on the relative K-theory class of (p, q,y). By the 
stability of the Fredholm index we may assume that in a collar neighborhood of 
91V1 the projections p, q do not depend on the normal variable. 

After stabilization we need to show the homotopy invariance of I(p,q,y). 
Now consider a homotopy (pt, qt> Yt) of relative K-cycles. Then by Proposition 
4.10 we have (cf. Figure 4.1, page 78) 

I(Pi,qi,Yi) - I(Po,qo,Yo) 
= IndAPstpiD+pO -Ind APS (qiD+qi) - SF(y 1 (•), D a ) 

-Ind APS (p D + po) +Ind AP s(q D + qo) +SF(y (-),Da) 
= - SF(y. (0), D a ) + SF(y. (1), D 9 ) - SF( Yl (•), D a ) + SF(y (-), D a ) 
= 0, 

by the homotopy invariance of the Spectral Flow. 

So the l.h.s and the r.h.s. of (4.49) depend only on the relative K-theory class 
of [p, q, y]. By excision in K-theory (it can of course be shown in an elementary 
way by exploiting Swan's Theorem) every relative K-theory class can even be 
represented by a triple (p, q,j>\sM.) such that P|[ , e )x3M = q|[o, £ )x3M and hence 
y(s) = P|3M is constant. 

Then the twisted version of the APS Index Theorem gives 



Ind APS qD+q - Ind APS pD + p 



M 



a> D A(ch.(q)-ch.(p)), (4.51) 



where cud denotes the local index density of D. Note that since the tangential 
operators of pD + p and of qD + q coincide the n-terms cancel. 
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As outlined in Section 1.5 (cf. also the proof of Theorem 4.5) the Connes-Chern 
character of [D] in HP* (j°°{dM, M.)) ~ H? R (M\3M;C) is represented by J M cu D . 
By construction, the form ch.(q) — ch.(p) is compactly supported in M \ 3M. 
Thus the right hand side of (4.51) equals the pairing ([D], [p, q, P|ajvi]) and the first 
equality in (4.49) is proved. 

To prove the second equality in (4.49) we note that it represents the Poincare 
duality pairing between the de Rham cohomology class of cuD(v,g) (note i*o>d = 
cud d ) and the relative de Rham cohomology class of the pair of forms (ch.(q) — 
ch.(p),T)flh.(h)). Hence it depends only on the class [p, q, h] e K°(M, 3M) and 
on [D] . In the situation above where p and q coincide in a collar of the boundary 
it equals ([D], [p, q,y]) and hence by homotopy invariance the claim is proved in 
general up to Eq. (4.50). 

For the proof of Eq. (4.50) note first that for a closed even b-differential form 
cu the map (cf. Definition and Proposition 2.5) 



Q L (M)®n^'(9M)^c, Cn,T)i-» 



cu An 

b M 



l*cu At 

3M 



descends naturally to a linear form on H^ R (M, 3M; C). Hence the right hand side 
of Eq. (4.50) is well-defined and depends only on the class of [p, q,h] e K°(M, 3M). 
As before we may therefore specialize to (p,q>P|3M) such that P|[o >£ ) X 3M = 
1|[o,£)x3M- Then ch.(q) — ch.(p) has compact support in M \ 3M and the re- 
maining claim follows from Theorem 4.5 (4). □ 

We now proceed to express the pairing between relative K-theory classes and 
the fundamental relative K-homology class in cohomological terms. We assume 
here that we are in the b-setting. 

Recall that a relative K-theory class in K°(M, 3M) is represented by a pair of 
bundles (E, F) over M whose restrictions Ea, Fa to 3M are related by a homotopy 
h. We will explicitly write the formulas in the even dimensional case and only 
point out where the odd dimensional case is different. 

The Chern character of [E, F, h] G K°(M, 3M) is then represented by the rela- 
tive cyclic homology class 

ch.([E,F,h]) = (cMptO-cMpe), -Ttfu(h)), (4-52) 



cf. Eq. (1.17). 

By Theorem 4.5 we have for any t > 

<[D], [E, F, hj) = (( b ch?(D),ch? +1 (Da)),ch.([E,F > h.])> 
= b Ch n - 2i (tD) +B b TfK +1 (D), ch.(p F ) -ch.(p E )) 

- (Y_ Ch n - 2j+1 (tD a ) + BT^ +2 (D 3 ), Ttfi.(K)>. 

Letting t \ yields, again by Theorem 4.5, the local form of the pairing: 
<[D], [E, F, hj) 

cu D3 (3M)AT,!;h.(h). 



(4.53) 



cu D A (ch.(p F ) -ch.(p E )) 

b M 



(4.54) 



3M 
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If Da is invertible then, at the opposite end, letting t /* oo gives in view of Theorem 
4.6 

([D], [E,F,h]> =< Y_ K 2k (D) + B b T^ +1 (D),ch.(p F )-ch.(p E )) 

o<k<{ (4.55) 

- (BT^h^ +2 (Da),T^h.(h)), 

where 21 — n. 

By equating the above two limit expressions (4.54) and (4.55) one obtains the 
following identity: 

Corollary 4.13. Let n = 21 > m and assume that D 9 is invertible. Then 
(K°(D),p F -p E ) + 



+ Z (-n k ^(K 2k (D),( PF -l)®pf k -(p E -l)®pf k ) 



KKI 

tUD,A%(h] 



o) D A (ch.(p F ) -ch.(p E )) - 

b M 



dM 



- (-1 ) Tt/2 |^T < BbT ^ +1 (D), (p F - ^) ® V? n - (Pe - 1) ® pf n ) 
+ (BT^ +2 (D 9 ),T )i fh n+1 (h)). 

The left hand side plays the role of a 'higher' relative index, while the right 
hand side contains local geometric terms and 'higher' eta cochains. 

The pairing formula acquires a simpler form if one chooses special represen- 
tatives for the class [E, F, hj. For example, one can always assume that Ea = Fa, in 
which case one obtains 

([D], [E,F,ho]> =( X K 2k (D) + B b T^ +1 (D),ch.(p E )) 

(4.56) 

-( Y_ K 2k (D)+B b T^ +1 (D),ch.(p E )). 

0<k<£ 

Specializing even more, one can assume F = C N . Then the pairing formula be- 
comes 

([D], [E,C N ,h ]) = -( Y_ K 2k (D)+ B b T^ +1 (D),ch.(p E )) 

o<k<£ (4.57) 
+ N (dim Ker D+ - dim Ker D~ ) . 

On the other hand, applying Theorem 4.12 

<[D], [E,C N ,h ]) = -Ind APS (p E D + p E )+NInd APS D + , 

one obtains an index formula for the b-Dirac operator which is the direct analogue 
of Eq. (3.4)in[CoMo93]: 

Corollary 4.14. Let E be a vector bundle on M whose restriction to dM is trivial and 
assume Da to be invertible. Then for any n = 21 > m 

Ind APS (p E D+p E )=( Y_ K 2k (D)+ B b T^ +1 (D),ch.(p E )). (4Jg) 

0<k<« 
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The expression IndAPs(pED + pE) is to be understood as follows: if p|Dgp| is 
invertible, then it is the Fredholm index of p E D + pE- If p E D + pE is not Fredholm, 
then chose a metric g smooth up to the boundary and construct on the Clifford 
module of D the Dirac operator D to the riemannian metric g. Then, by Theo- 
rem. 4.5 the Connes-Chern characters of D and D coincide and thus 

( [D] , [E, C N , hoi) = — Ind APS p E D + p E + N Ind APS D + . 

As a by-product of the above considerations, we can now establish the follow- 
ing generalization of the Atiyah-Patodi-Singer odd-index theorem for trivialized 
flat bundles (comp. [APS76, Prop. 6.2, Eq. (6.3)]. An analogue for even dimen- 
sional manifolds has been subsequently established by Z. Xie [XlEll]. 

Corollary 4.15. Let N be a closed odd dimensional spin manifold, and let E', F' be two 
vector bundles which are equivalent in K-theory via a homotopy h. With D g > denoting the 
Dirac operator associated to a riemannian metric g' on N, one has 



9 

or equivalently, 



N 



A(Vg/) A Ttfi. (h) + SF(h, D g , (4.59) 



o IdT^ ri(Ph(t) D 9'PMt)))dt 



A(V 2 q ,)AT^h.(h), (4.60) 



N 9 



where Pn(t) ) zs the path of projections joining E ' and F'. 

PROOF. This follows from equating the local pairing (4.49) and the rela- 
tive APS index formula (0.17) after the following modifications. We recall that 
Eq. (4.49) holds in complete generality without invertibility hypothesis on Da. 
First by passing to a multiple one can assume that N = 3M. Then by adding 
a complement G' we can replace F' by a trivial bundle. Then both E' © G' and 
F' G ' extend to M. It remains to notice that both sides of the formula (4.59) are 
additive. 

The alternative formulation (4.60) follows immediately from the known rela- 
tion (see e.g. [KiLe04, Lemma 3.4]) 

UDl'A-UDl',) = SF(h,D 9 )+ f ~(Tl(p h (t)Dg/p h(t) ))dt. □ 

Jo z at 

In the odd dimensional case the pairing formulas are similar, except that the 
contribution from the kernel of D does not occur. Let (U, V, h) be a representative 
of an odd relative K-theory class where U, V : M — > U(N) are unitaries and h is a 
homotopy between \1qm and Vqm- Then 

([D], [U,V,h]> = (B b T^ +1 (D),ch n (U)-ch n (V)) 

, (4.61) 
-(BT^ +2 (D 9 ),T^h n+1 (h)). 

Choosing a representative of the class with UgM = VgM/ the above formula sim- 
plifies to 

([D], [U,V,ho]) = <B b T^ +1 (D), ch n (U) -ch n (V)), (4.62) 
and if moreover one takes V = Id, it reduces to 

<[D], [U,Id,ho]> = <B b T^ +, (D), ch n (U)>. (4.63) 
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Finally, the equality between the local form of the pairing (4.54) and the ex- 
pression (4.61) gives the following odd analogue of Corollary 4.13. 

Corollary 4.16. Let n > m, both odd and assume that Da is invertible. Then 

(B b TYlC +1 (D), ch n (U)) -(B b T^ +1 (D), ch n (V)) = 



A( b V 2 g )A(ch.(U)-ch.(V)) 



A(V ,)AT^h.(h) 



3M 



-(BT^ +2 (D 9 ),T^h n+1 (h)). 



4.4. Relation with the generalized APS pairing 

Wu [Wu93] showed that the full cochain r|*(Da] has a finite radius of con- 
vergence, proportional to the lowest eigenvalue of |Da| (assumed to be invertible). 
Both Wu and Getzler [GET93A] proved, by different methods, the following gen- 
eralized Atiyah-Patodi-Singer index formula : 



Ind APS D 



b M 



A( b V 2 )Ach.(p E ) + (Ti*(Da)oi* ) ch.(p E )>, 



(4.64) 



for any vector bundle E = Imp E over M whose restriction to the boundary satisfies 
thealmost d-flatness condition || [Da, rg (pe)] || < Ai(|Da|). Their result does provide 
a decoupled index pairing, but only for those classes in K m (M, 3M) which can be 
represented by pairs of almost 3-flat bundles. Furthermore, if (E,F, h) is such a 
triple, on applying (4.64) and Theorem 4.12 one obtains 



([D],[E,F,h]) = 



A( b V 2 )A(ch.(p F )-ch.(p E )) 



J"m (4.65) 
+ (n*(D a ) ) i*(ch.(p F )-ch.(p E ))) + SF(h,D 3 ), 

where SF(h, D a ) is an abbreviation for SF(h(s)A + h(s)) 0<s<1 , cf. also Eq. (4.42). By 
[WU93, Proof of Thm. 3.1], 



(b + B)ti'(D a ) = - 



A(V 2 ,)A- 



At the formal level 

(rf(D 9 ) o i\ch.(p F ) - ch.(p E )) = (rT(D 9 ), (b + B) Tjflu(h)) 



= ((b + B)rf(D a ),T^h.(h)) = - 



SM 



A(V 2 ,)AT<fh.(h). 



(4.66) 



However, to ensure that the pairing (n'fDa), (b + B) Tjzfh.(a)) makes sense one 
has to assume that Ph(t) satisfy the same almost 3 -flatness condition. Then 

Ker(p H( t)Dap H(t) ) = 0, 

hence there is no spectral flow along the path. 

Thus, the total eta cochain disappears and (4.66) together with (4.65) just lead 
to the known local pairing formula, cf. Eq. (4.49), 



([D],[E,F,h]> 



b M 



A( b V g )A(ch.(p F )-ch.(p E )) 



3M 



A(V g ,)AT^h.(h). 
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The above considerations also show that the total eta cochain necessarily has a 
finite radius of convergence. If it was entire, then SF(h, D) = for any h(t), which 
is easy to disprove by a counterexample. 
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SUBJECT INDEX 



Notation Index 



Except a few standard notations, all symbols are explained at their first occurence. 
We recall a few very standard notations and then we provide an index to the used 
symbols. 

N, Z, K, C Natural (including 0), integer, real and complex numbers 
M + Nonnegative real numbers x > 
Z + Synonym for N 
C{. . .), C°°{. . .) Continuous resp. smooth functions 
Co (...) , Cq 50 (...) Ditto, vanishing at infinity (on locally compact space) 
C c (...), C£° ( ... ) Ditto, compactly supported 

r°° (M; E) Smooth sections of the vector bundle E over M, where r^°, 

have the analogous meaning as for C°° . 
GLn [A] Invertible N xN matrices with entries in A 
T~L Generic name for a Hilbert space 
L (H) Algebra of bounded linear operators on the Hilbert space H 
L 2 (M; E) Square-integrable sections of the hermitian vector bundle E 
MatN [A] N x IN-matrix algebra over the algebra A 

spec(T) Spectrum of the linear operator T 
spec ess (T) Essential spectrum of the linear operator T 
supp(f) Support of the distributional section) f 



< -,- >,11,21 
C (M\3M), 16 

A, 30, 34, 37, 57, 66 
A, 14 

b C°°, 17-19, 23, 31, 33, 40, 60, 62, 72-74 
b Ch, 2, 4, 35-43, 60, 62, 69-73, 79 
b tth, 35-39, 42, 43, 60, 62, 69, 70, 72, 74 
b Diff, 23, 57, 58, 61, 65-67 
b Diff cpt , 23, 53, 54, 57, 59, 60, 65, 68 
b r~, 52, 57 

b V, 2-5, 33, 72, 74, 78, 82 

b ¥, 21-25, 27, 28, 31, 32, 34, 35, 39 

b Str, 34-36, 40, 41, 75 

b Tjfli, 2-5, 70-75, 81, 82 

b Tr, 6, 26-28, 30-34, 37, 59, 60, 65-68 

BC^iA), 10 
BCPer q U),10 



ch.(e), 12 
ch.(U,V,h), 13 
ch.(p,q,h), 12 

Ch, 2, 4, 15, 16, 36-39, 69-71, 73, 79 

fix, 12, 13, 15, 36-39, 42, 43, 62, 69, 70, 72 

Clq, 13-14 

D e ,15 

D, 1-6, 14-17, 27, 28, 30, 34-43, 52-55, 57-63, 

65-82 
A K ,55 

Diff, 19, 47, 50, 57 
dom, 47 

£°°(aiVl, M),9 
e®J,12 

End, 33, 57, 76 

F, 15 
[F], 16 
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GLco (A) , GLn (-4), 13 

r, 27, 30, 34, 37-^0, 42, 57, 59, 66 

HC* [A,B), 10 
HH*(.A,B),10 
HV{A,B),W 

Ind APS , 5, 75-78, 80-82 
Index[ D j, 1, 17 

J, 9 
J x ,9 

Kj(A6), 12 
K*(C(M),C(3M)), 16 

L(H), 14 

Mat N (.A^MaW.A), 12 

Pff, 31, 32 

SF, 5, 76-78, 81-83 

Tot^BC*>*(^,10 
Tot|SC^ r *(^),10 
tr j; 12 

Tifti, 2-5, 12, 13, 16, 70-73, 75, 77-82 



